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Abstract The first part of the article appeared in the previous issue of this journal.
It deals with the history of the research on Poncelet’s porism, and related subjects,
which were developed from the middle of the eighteenth century until the end of the
nineteenth century. In this second part, we take the research developed in the twentieth
century. We also offer a comparison of the main works on the subject, and we draw
some conclusions.
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A. Del Centina

In 1822, Jean-Victor Poncelet published the Traité sur les propriétés projectives
des figures (1822). In this fundamental work, he gave a synthetic geometric proof of
a theorem which became known as Poncelet’s closure theorem, or Poncelet’s porism:
let two smooth (real) conics C, D be given in the plane, if there exists a polygon of
n sides which is inscribed in one conic and circumscribed about the other, then there
are infinitely many such polygons, and every point of the first conic is vertex of one of
them. This theorem is undoubtedly one of the most important and beautiful theorems
of projective geometry. Any polygon inscribed in C and circumscribed about D is
called Poncelet’s polygon (related to C and D), and sometimes inter-scribed polygon,
or even in-and-circumscribed polygon (to C and D).1

In the first part, we have presented and discussed the results developed on Poncelet’s
polygons, and related questions, from the middle of the eighteenth century until the
end of the nineteenth century.

In this second part of the article, we take into account the research on the subject
that was developed in the twentieth century.

It is divided into six sections.
Section one is devoted to Gerbaldi’s results on the bidegree of the covariant whose

vanishing guarantees the existence of a Poncelet’s n-gon, which he obtained by means
of what he called Halphen’s continued fractions (Gerbaldi 1919).

In 1921, Lebesgue wrote a long memoir on the geometrical interpretation of the
results of Cayley on Poncelet’s polygons. He used a striking geometrical lemma and
Sylvester’s theory of residuation, which he recognized could replace Abel’s theorem
as a method of elimination in all questions about curves of genus one. In section two,
we illustrate this memoir, focusing on the new proof of Poncelet’s general theorem.

Inspired by this work, which was republished in 1942 as a chapter of Lebesgue’s
book Les coniques, in 1948, John A. Todd gave a new purely algebraic proof of the
Cayley conditions for the existence of a Poncelet’s polygon, which we survey in the
third section.

Section four is devoted to the proofs of the Poncelet closure theorem, together with
that of its extension to space, and of the Cayley conditions, published in the papers by
Griffiths and Harris (1977, 1978a).

In the subsequent section, following the work of Barth and Michel (1993) we
explain Halphen’s idea of the “elliptic representations of point of the plane”, and the
results of Gerbaldi, in a modern algebraic-geometric setting.

In the last section six, we compare the works of all the main contributors to this long
story, concentrating on the extent of the theorems they proved, the mathematical tools
introduced for the proofs, and the personal styles. Finally, we draw some conclusions.

1 Continued fractions and the Gerbaldi formulae

In a large memoir, published in three parts (Gerbaldi 1918a, b, c), Francesco Gerbaldi

tackled the problem of the development in continued fractions of
√

X+√
Y

x+y by a purely

1 See also the general introduction in the first part of the article.
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Poncelet’s porism, II

algebraic method.2 In a subsequent paper, he exhibited the deep relation that Halphen
had perceived between the continued fraction development of

√
X (where X a poly-

nomial of degree four) and the Poncelet closure theorem, both being connected with
symmetric (2, 2)-correspondences (Gerbaldi 1919). In particular, he computed the
number of conics in a pencil which are n-inscribed in, or n-circumscribed about, a
given conic of the same pencil. In this section, we give an account of the main results
of these papers.

We begin by briefly recalling the content of the first memoir.

1.1 “Halphen continued fractions”, symmetry and periodicity

First of all, Gerbaldi defined what he called “Halphen element”. He let X = X (x) =
a0x4 + 4a1x3 + 6a2x2 + 4a3x + a4 be a polynomial, and ξ such that X (ξ) �= 0.
He observed that the two branches of the algebraic function

√
X can be developed in

ascending power series of s := x − ξ in a neighbourhood of ξ . Gerbaldi wrote X in
the form X = p0 + 4p1s + 6p2s2 + 4p3s3 + p44, where p0 = X (ξ), p1 = X ′(ξ)/4,
p2 = X ′′(ξ)/12, p3 = X ′′′(ξ)/24, p4 = a0, and showed that a branch of the algebraic
function

√
X = √

p0(1 + q1s + q2s2 + q3s3 + · · · )
is determined, in a neighbourhood of ξ , by a choice of the value of

√
p0, since the qn’s

can be expressed, as rational functions of the p0, . . . , p4, by the following recursive
formulae:

q1 = 2p1
p0

, q2 = 1

p20
(3p0 p2 − 2p21), q3 = 1

p20
(2p20 p3 − 6p0 p1 p2 + 4p31),

q4 = 1

2p0
(p4 − q1q3 − q2

2 p0), etc.

Moreover, one has X/p0 = (1 + q1s + q2s2)2 + 2q3s3 + 2(q1q3 + q4)s4.
He also noticed that if X is not of degree three, i.e. a0 �= 0, then the function

√
X

can be developed in descending power of x in a neighbourhood of ξ = ∞, and one
has

√
X = √

a0

(
1 + q1

x
+ q2

x2
+ q3

x3
+ · · ·

)
,

where the coefficients qn are given by the previous formulae for the qn’s by changing
pi into ai , for i = 0, . . . , 4.

If y is any value of x such that X (y) �= 0, Y = X (y), and one of the two values of√
Y and of

√
p0 are fixed, then Gerbaldi observed, the function

2 For a biography and the scientific production of Francesco Gerbaldi (1858–1934), see Enea (2013).
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√
X − √

Y

x − y
,

is analytic in a neighbourhood of ξ . He called it Halphen element.
Then he proved the theorem on which he largely based his work:

Theorem G1 It is always possible to find polynomials A, B, C in the variable x, A
of degree 2 and B, C of degree 1, so that

√
X − √

Y

x − y
− C = B(x − ξ)2√

X + A
· (1.1)

Moreover, A, B, C are uniquely determined.

Following Gerbaldi (1918a, pp. 27–29), let t = y − ξ and A = A0 + A1s + A2s2,
B = B0 + B1s, C = C0 + C1s. Taking into account that

√
X is irrational, one must

have separately

A − √
Y − C(s − t) = 0, X − A

√
Y − AC(s − t) − Bs2(s − t) = 0, (1.2)

and then
X − A2 = Bs2(s − t). (1.3)

So from (1.3), for x = ξ , i.e. s = 0, he obtained

C0 = 1

t
(
√

Y − √
p0), A0 = −C0t + √

Y = √
p0.

Since the coefficient of s in X − A2 must vanish, by (1.3) 2p1 − A0A1 = 0 and then
by (1.3) for s = t , it follows that A0 + 2A1t + A2t2 = √

Y . Hence, by comparing the
coefficients of s2, Gerbaldi deduced that C1 = A2, and then

A0 = √
p0, 2A1 = q1

√
p0, A2 = 1

t2

[√
Y − (1 + q1t)

√
p0
]
, (1.4)

C0 = 1

t
(
√

Y − √
p0), C1 = A2. (1.5)

Now B0 and B1 can be computed. He observed that, with A0 and A1 as above,
X − A2 is divisible by s2, and since A2 has been found so that X − A2 = 0 for s = t ,
it follows that X − A2 is divisible by s − t . Thus there exists a polynomial B of degree
1 that, together with A, satisfies (1.3). Then the coefficients of B can be obtained by
comparing those of s3 and s4 in (1.2) and substituting A1, A2 with the values (1.4).
In doing so, he found

B0 = 2p0
t3

[ √
Y√
p0

− (1 + q1t + q2t2)

]
,

B1 = 2p0
t4

{
(1 + q1t)

√
Y√
p0

− [1 + 2q1t + (q2
1 + q2)t

2 + (q1q2 + q3)t
3]
}

,
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that completes the proof.3

In order to get the continued fraction development of theHalphen element, Gerbaldi
proceeded as follows.

He supposed B0 and B1 �= 0, and let t1 be the root of B0 + B1s = 0. Moreover, he
put y1 := t1 + ξ and Y1 := X (y1). Then A(t1) is one of the two values of the square
root of Y1, and he denoted by

√
Y1 the root satisfying A(t1) = −√

Y1. It follows that

A + √
Y1

s − t1
= 2A1 + A2(s − t1),

and then, since x − y1 = s − t1, he obtained

A + √
X

s − t1
= 2A1 + A2(s + t1) +

√
X − √

Y1

x − y1
· .

Gerbaldi denoted the first member of (1.1) Q0 and wrote it in the form

Q0 = B1s2

2A1 + A2(s + t1) +
√

X−√
Y1

x−y1

·

By theorem G1 (his fundamental theorem), he deduced that

√
X − √

Y1

x − y1
− C (1) = B(1)s2√

X + A(1)
,

with A(1) = A(1)
0 + 2A(1)

1 s + A(1)
2 s2, B(1) = B(1)

0 + B(1)
1 s, and C (1) a polynomial of

degree one. Then he denoted Q1 the first member of this identity, put β1 = B1s2 and
α1 = 2A1 + A2(s + t1) + C (1), and wrote

Q0 = β1

α1 + Q1
·

Proceeding in a similar way for Q1, he obtained

Q1 = β2

α2 + Q2
,

where β2 = B(1)
1 s2, α2 = 2A(1)

1 + A(1)
2 (s + t2) + C (2) (t2 being the root of B(1) = 0).

Proceeding in this way, Gerbaldi found the development of the Halphen element

3 This theorem, which Gerbaldi called “fundamental”, has been extended in Dragović and Radnović (2011,
p. 230) to the “hyperelliptic” case, i.e. when X is of degree 2g+2, g > 1, substantially without changing the
proof. In the same book, other results of Gerbaldi on the development in continued fractions of a Halphen
element are also extended to the hyperelliptic case without quoting him (pp. 231–244).
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√
X − √

Y

x − y
= C + β1

α1 + β2

α2+ β3
α3+···

,

that he put in the form

√
X − √

Y

x − y
= C + β1|

|α1
+ β2|

|α2
+ β3|

|α3
+ · · · (1.6)

using Pringsheim’s notation. To (1.6) he gave the name ofHalphen continued fraction.
Then he called regular those continued fractions for which the coefficients of B, B(1),
B(2), etc. are all different from 0.

Moreover (pp. 38–42), Gerbaldi called (1.6) periodic, with period of p partial
fractions, if αr = αs and βr = βs for any r ≡ s(modp), i.e.

√
X − √

Y

x − y
= C + β1|

|α1
+ β2|

|α2
+ · · · + βp|

|αp
+ β1|

|α1
+ β2|

|α2
+ · · · + βp|

|αp
+ · · ·;

and called (1.6) even symmetric or odd symmetric, according as αn−i = αn+i , βn−i =
βn+i+1, or βn−i = βn+i , αn−i = αn+i+1, for any i .

He also proved that the Halphen continued fraction (1.6) can be put in the following
normal form (pp. 42–43):4

√
X − √

Y

x − y
= C + √

p0

{
v1s2 |

|1 − u1s
+ v2s2 |

|1 − u2s
+ v3s2 |

|1 − u3s
+ · · ·

}
,

where the u, v are defined by the following system of recursive formulae

ui + ui−1 = −qi + q3
2v1

, vi+1 + vi = u2
i + q1ui + q3,

with initial values u0 = −q1 − 1
t , v1 = − 1

2 (q3 − λ0).
Then he supposed q3 �= 0 (p. 47) and put

I := q2
1 − 4q2, J := q1q3 + 2q4, K := q1q3q4 + q2q2

3 + q2
4 .

From the above two systems of recursive formulae, he deduced that

vi−1 + vi+1 = − J

2vi
+ q2

3

4v2i
, 4vi−1vi+1 = −q2

3

vi
+ K

v2i
. (1.7)

4 We stress that this and the other definitions above are the same as in Dragović and Radnović (2011, pp.
241–243).
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From these relations, it follows that the equation 4y2x2+(2J y−q2
3 )x+K −q2

3 y = 0
has roots vi−1, vi+1 when y = v1 and that it can be written in the form

4y2x2 + 2J xy − q2
3 (x + y) + K = 0.

This equation represents a symmetric (2, 2)-correspondence between the variables
x, y. Gerbaldi showed (pp. 48–49) that thismakes it possible to construct a sequence of
values vi satisfying the system of recursive equations (1.7) and then the corresponding
sequence of ui .

Gerbaldi devoted the second part of his memoir to the study of the symmetry and
periodicity of the Halphen continued fractions (Gerbaldi 1918b). In particular (pp.
869–881), he found a necessary and sufficient condition for the periodicity of the
development in the normal form of

√
X . By purely algebraic methods, he proved the

following theorem (p. 879):

Theorem G2 The normal form of the Halphen continued fractions of
√

X is periodic,
with a period of h partial fractions, if and only if τh = 0, where τh is a polynomial in
the coefficients q1, q2, q3, q4 which is defined recursively by the following equations:

τ0 = 0, τ1 = 1, τ2 = 1, τ3 = 1

4
K , τ4 = 1

256
q4
3 (q

4
3 − 2J K ),

256

q4
3

τiτi−4 + τi−1τi−3 − τ3τ
2
i−2 = 0, for i > 4.

He also showed that each τi is an isobaric polynomial in the qr of weight Ni =
4(i − 1)(i − 2) (i.e. for any term Cqα1

1 qα2
2 qα3

3 qα4
4 of the polynomial one has α1 +

2α2 + 3α3 + 4α4 = Ni ).
Then, since qr is a polynomial of degree r in the coefficients p0, p1, . . . , p4 of X ,

the following holds true (see the theorem at p. 880):

Theorem G3 τi is a polynomial of degree 4(i − 1)(i − 2) in the coefficients of X, for
any i .

Gerbaldi also showed (pp. 881–887) that, up to a multiplicative constant, the poly-
nomials τi coincidewith the polynomials γi that Halphen defined using theWeierstrass
functions ℘ and σ (Halphen 1886, pp. 102–104; 1888, pp. 607–608), as we have seen
in subsection 10.3 of the first part of this article.

1.2 Continued fractions, (2, 2)-correspondences and Poncelet n-gons

Gerbaldi (1919) extended the above results to the general case of
√

X−√
Y

s−t , i.e. to the
case of the parameter t �= 0. In particular, he proved that:

If for a value of the parameter t the development in continued fraction is periodic,
with a period of h partial fractions, then the same is true for any other value of t ; or
the development in continued partial fraction is not periodic for any t .
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For sake of brevity, we will skip this argument and we will concentrate on another
result which is connected with Poncelet polygons.

Associated with the symmetric (2, 2)-correspondence

v2v′2 + λvv′ + μ(v + v′) + ν = 0, (1.8)

there are infinitely many sequences

. . . v−3, v−2, v−1, v0, v1, v2, v3, . . . (1.9)

such that, for each termof the sequence the two adjacent are its correspondent.Gerbaldi
observed (p. 93) that any such sequence can be considered as the coefficients of the
numerators in the normal form of aHalphen continued fraction, related to a polynomial
X of degree four for which

J = 2λ, q2
1 = −4μ, K = 4ν.

He called a sequence (1.9) periodic, if, for a given p and any h, is vh = vh+p,
and called a period, or a cycle, any set of p consecutive terms vk, vk+1, . . . , vk+p. He
noticed that, given a symmetric (2, 2)-correspondence, any associated sequence (1.9)
is in general not periodic, but if there exists a periodic sequence of period length p,
all other sequences are periodic with period length p. He recalled, referring to Sturm
(1906, p. 198), that in this case the correspondence is said to be cyclic, and remarked
that the periodicity condition is given by τp = 0.

ThenGerbaldiwanted to established the condition underwhich a general symmetric
(2, 2)-correspondence:

{
f (x, y) = (a00x2 + a10x + a20)y2 + (a10x2 + a11x + a12)y

+ a20x2 + a12x + a22 = 0
(1.10)

is cyclic. At p. 96, he wrote:

È questo un interessante problema algebrico, del quale si è occupato per primo
N. Trudi fin dal 1853, e sul quale sono tornati nel 1869 Rosanes e Pasch, che dei
lavori del Trudi sembra non abbiano avuto conoscenza [This is an interesting
algebraic problem, which Trudi was the first to deal with in 1853, and to which
Rosanes and Pasch, who it seems were not aware of Trudi’s papers, returned in
1869].

He observed that it was sufficient to express the condition τp = 0 in terms of the
fundamental invariants of the correspondence (1.10) [for these notions, he referred to
Sturm (1906)], which are:

i1 = a11 − 4a02, i2 = a00a22 − a01a12 + a02(a11 − a02),

i3 =
∣∣∣∣∣∣
a00 a01 a02
a01 a11 a12
a02 a12 a22

∣∣∣∣∣∣ ·
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To this end, he first showed that

a = q4
3

256
= r12(i3 − i1i2)

2, τ3 = r4i2, τ4 = r12i3(i3 − i1i2), (1.11)

with r a certain constant. Since the polynomial τp is of the form

τp =
∑

Caατ
β
3 τ

γ
4 ,

where C is a constant, and the exponents satisfy the condition 6α + 2β + 6γ =
(p − 1)(p − 2) (Gerbaldi 1918b, p. 881); then, putting c = i3 − i1i2, after some
computation he obtained the following result (p. 99):

Theorem G4 The correspondence (1.10) is cyclic with periods of p terms if, and only
if,

τ ′
p :=

∑
Ccαiβ2 iγ3 = 0,

where 3α + 2β + 3γ = g, being g = p2/4 − 1 or (p2 − 1)/4 according if p is even
or odd.

Gerbaldi proceeded to compute the bidegree, with respect to the coefficients of two
conics, of the invariant whose vanishing expresses the condition for the existence of a
n-gon inter-scribed to them.

He considered a non-singular conic C1, which he referred to a pair of tangents and
to the chord of contacts. Without loss of generality, he supposed the two tangents to
be x1 = 0, x3 = 0 and the line of contacts x2 = 0, so that C1 has equation

S1 : x22 − x1x2.

In this way, he associated with every point (x1, x2, x3) on C1 and with every tangent
(ξ1, ξ2, ξ3) of C1 (a point of the dual conic C∗

1 ), a parameter v by setting

x1 : x2 : x2 = v2 : v : 1, ξ1 : ξ2 : ξ3 = 1,−2v, v2.

Then, the point of intersection of two tangents that correspond to the parameters v, v′
has coordinates x1 : x2 : x3 = vv′ : (v + v′)/2 : 1.

Gerbaldi established a symmetric (2, 2)-correspondence among the tangents to C1
by imposing the condition

v2v′2 + λvv′ + μ(v + v′) + ν = 0. (1.12)

Varying v, v′, the point of intersection of two corresponding tangents describes the
conic C2 given by

S2 : x21 + x3(λx1 + 2μx2 + νx3) = 0,

123
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C2

C1 A1

A2

P

A3

Fig. 1 Coordinate lines that Gerbaldi chose (1919, p. 100), in order to put the equations of the conics C1
and C2, respectively, in the form S1 and S2

with tangential equation

4μ2ξ21 + (λ2 − ν)ξ22 + 8μξ2ξ3 − 4λμξ1ξ2 = 0.

At this point (p. 100), Gerbaldi remarked that two non-singular conics C1, C2,
in general position,5 can always be put in the above forms. In fact, it is enough (see
Fig. 1) to take A1 = (1, 0, 0), A2 = (0, 1, 0) the points of contact of a common tangent
(respectively, on C1 and C2), A3 = (0, 0, 1) the contact point of the other tangent to
C1 that can be drawn from A2, and (1, 1, 1) any point on C1 different from A1, A2.
The equation of C1 is clearly x22 − x1x3 = 0. Moreover, since the side x1 = 0 (tangent
to C1) meets C2 in a point P �= A2, putting p1x1 + p2x2 + p3x3 = 0 the equation
of the tangent to C2 at P , the equation of C2 is x21 + σ x3(p1x1 + p2x2 + p3x3) = 0.
Then λ = p1σ, 2μ = p2σ, ν = p3σ .

Substituting in the equation of C2 the parametric coordinates of a point on C1, he
got the equation

v4 + λv2 + 2μv + ν = 0

which gives the four intersections C1 ∩ C2.
Moreover, of the four common tangents to C1 and C2, one is x3 = 0, which

corresponds to v = 0, and the others three are given by

4μv3 − (λ2 − 4ν)v2 − 2λμv − μ2 = 0,

5 Gerbaldi meant “intersecting in four distinct points”.
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the equation that he obtained by substituting the parametric coordinates of a tangent
to C1 in the tangential equation of C2.

Vice versa, Gerbaldi remarked, given two non-singular conics C1 and C2 in gen-
eral position, and written in the forms S1 and S2 as above, by associating the two
tangents to C1 through a point of C2, the symmetric (2, 2)-correspondence between
their parameters v, v′ defined by the equation (1.12) is established.

Now Gerbaldi turned to Poncelet’s polygons (p. 102). He considered the two tan-
gentsm1, m2 toC1 from M1 ∈ C2, and let M1, M2 be the points in whichm1 intersects
C2. Then he let m2, m3 be the two tangents to C1 from M2, and M2, M3 be the two
points in which m3 intersects C2 and so on. In this way, he obtained a polygonal
line whose vertices M1, M2, M3, . . . are on C2 and whose sides m1, m2, m3, . . . are
tangent to C1. The polygonal line can be prolonged also in the other direction, so the
parameters of the sides form a sequence (1.9) deduced from the correspondence (1.8).

Gerbaldi noticed that if the sequence is symmetric then the polygonal line is folded
up (in the sense of Halphen), while if the sequence is periodic, i.e. the correspondence
is cyclic, with cycles of p terms, the polygonal line closes up after p steps. Then, he
observed, to get the closure condition it is enough to express the coefficients λ,μ, ν of
the equation (1.8), by means of the coefficients of the two conics, and put them in the
equation τp = 0, that, we recall, represents the condition forwhich the correspondence
is cyclic.

To this end, he first determined the fundamental invariants, �1,�1,�2,�2, of the
pairs of conics C1, C2, in the form S1 = 0, S2 = 0, which resulted −1/4, λ/2, ν −
λ2/4,−μ2, then he computed a, τ3, τ4 by the (1.11), and he substituted them into the
expression of τp. After some manipulation, Gerbaldi found that the condition τp = 0
is translated in the form ∑

Ca′ατ
′β
3 τ

′γ
4 = 0, (1.13)

where

a′ = 28�4
1�

2
2, τ ′ = �2

1 − 4�1�2,

τ ′
4 = 23�4

1�2

[
8�4

1�
2
2 + �1() − �2

1 − 4�1�2)
]
.

The first member of (1.13) is a polynomial of degree 2(p − 1)(p − 2) in the coeffi-
cients ofC1 and of degree (p−1)(p−2) in the coefficients ofC2. Gerbaldi noticed that
this polynomial contains the extraneous factor (24�2

1�2)
(k−1)2 , or (24�2

1�2)
k(k−1),

according if p = 2k or p = 2k + 1.
Summing up he had proved the following.

Theorem G5 Given two non-singular conics C1 and C2, the condition for the exis-
tence of a polygon of p sides which is inscribed in C2 and circumscribed about C1 is
given by the vanishing of an invariant of bidegree

(
2( 14 p2 − 1), 1

4 p2 − 1
)

if p is even
or
( 1
2 (p2 − 1), 1

4 (p2 − 1)
)

if p is odd, in the coefficients of C1 and C2.

The total degree of the invariant of the pair of conics,whose vanishingguarantees the
existence of an inter-scribed p-gon to them, Rosanes and Pasch had already computed
by, as we have seen in subsection 7.2 of the first part of this article.
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We stress that theorem G5 means that:
Any non-singular conic in the pencil λC1+μC2, is p-inscribed into N conics from

the pencil and, at the same time, p-circumscribed about other 2N conics from the
pencil, being N = 1

4 p2 − 1 or N = 1
4 (p2 − 1), according if p is even or odd.

In the light of this interpretation, Gerbaldi’s result answers the question posed by
Halphen (see the beginning of section 10 of the first part of this article), if one does not
exclude from the count those inter-scribed polygons of p-sides which are “multiples”
of another inter-scribed polygon having k-sides with k|p.

Unlike Halphen, Gerbaldi obtained the above-mentioned result in an algebraic
framework, completely avoiding the use of elliptic functions.

A proof of Gerbaldi’s results, in a modern algebraic-geometric setting, is offered in
Barth and Bauer (1996), but we will return on this subjects in the penultimate section.

2 Lebesgue’s geometrical proof of Poncelet theorems

Henri Lebesgue, in the introduction to his memoir Exposé géome-trique d’un mémoire
de Cayley sur les polygones de Poncelet,6 wrote:

On doit a Cayley l’un des mémoires les plus élègants et les plus pénétrants qui
aient été écrit sur les polygones de Poncelet.7 Ce travail est cependent assez peu
connu en France; peut-être parce que l’Auteur y fait appel incidemment à la
théorie des intégrales abélienes, tandis qu’en France on préfère voir traiter ces
questions algébriquement; peut-être à cause de sa rédaction analytique très con-
dencée [We owe to Cayley one of the most elegant and in-depth papers written
on Poncelet’s polygons. Nevertheless, this paper is almost unknown in France;
maybe because the author calls upon the theory of abelian integrals, while in
France algebra is preferred when dealing with these questions, perhaps because
of the very condensed analytic formulation] (Lebesgue 1921, p. 61, 1942,
p. 115).

These considerations led Lebesgue to write a long memoir in order to legitimate
Cayley’s results geometrically, by recognizing that, in all questions about curves of
genus one, Abel’s theorem can be substituted by Sylvester’s theory of residuation as
means of elimination (Lebesgue 1921, pp. 73–75).

This theory can be summarized as follows: suppose a curve of degree m + n and
a cubic are given in a plane; if 3m points of their intersection locus are placed on a
curve of degree m, then the remaining 3n points are placed on a curve of degree n.

In his memoir, Lebesgue reproduced the classical proof of Salmon (1879, pp.
136–140). The year later, informed by Bertrand Gambier that Salmon’s proof was

6 From Lebesgue (1922, p. 85), we learn that this memoir was presented to the Annales de Toulouse
years before its printing. In 1919 and 1920, he published two short notes, in which he stated his project,
and announced a result that generalized to conics, the theorem of Chasles (recalled in section 7) on the
perimeter of polygons inscribed in an ellipse and circumscribed about another one confocal to the first
(Lebesgue 1919, 1920). The memoir of (1921) was included by Lebesgue in his book Les Coniques that
appeared posthumously in 1942 (see Lebesgue 1942, chapter IV). Today the work of Lebesgue on the
Poncelet polygons is essentially known through this book.
7 Lebesgue was mainly referring to Cayley (1861) and also to Cayley (1853a, b).
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incomplete, he gave a new proof in the short note (Lebesgue 1922b) that used the
Brill–Noether restsätze (Brill andNoether 1874).8 This proof is that onewhich appears
in his book on conics (Lebesgue 1942, pp. 128–132).9

In the same introduction, Lebesgue continued by saying:

Beaucoup des travaux sur les polygons de Poncelet font appel à des considéra-
tions de continuité pour la distinction, souvent imprécise, entre les tangentes
qu’il faut mener pour aboutir à un polygone de Poncelet et celles qui n’en don-
nent pas un. Toutes ces difficultés disparaissent par la méthode que j’ai adoptéée.
Elle m’a permis de distinguer avec plus de netteté qu’on ne le fait d’habitude
ceux des polygones inscrits dans une conique  d’un fasceaux ponctuel, et dont
les còtés sont tangents à d’autres coniques Ci du faisceux, auxquels s’appliquent
le théorème de Poncelet et ceux auxquels il ne s’applique pas. Je les ai appelés
respectivement les polygones circoscrits aux coniques Ci et les polygones tan-
gents aux coniques Ci [In many papers on the polygons of Poncelet, in order to
select among the tangents that need to be traced to obtain a polygon of Poncelet
and those that do not lead to such a polygon, continuity arguments are used. All
these difficulties disappear with the method that I have chosen. It allowed me
to distinguish more clearly than usual those polygons which are inscribed in a
conic  of a pencil, and whose sides are tangent to other conics Ci of the pencil,
to which the theorem of Poncelet can be applied and those to which it cannot
be applied. I called them, respectively, circumscribed polygons to the conics Ci

and tangent polygons to the conics Ci ].

In order to do so, first of all Lebesgue provided a “key lemma”.

2.1 A key geometrical lemma towards the PGT

Lebesgue based his method on the following lemma (Lebesgue 1921, p. 62):

Lemma L Let F be a pencil of conics in the projective plane and  a conic from
it. Then there exist quadrangles whose vertices A, B, C, D are on , such that the
three pairs of opposite sides AB, C D; AC, B D; AD, BC are tangent to three conics
belonging to F . Moreover, the six contact points of these conics with the six sides all
lie on a line �. The quadrangle is determined when two sides and the corresponding
points of contact are known.

To prove it, Lebesgue argued as follows. First, he considered two consecutive sides
AB and AC . He denoted by (I ) the conic of the pencil that is tangent to AB at M , and
also denoted by (I I ) the conic of the pencil that is tangent to AC at P (see Fig. 2). The
line� through M and P intersects (I ) in M and in another point N and intersects (I I )
in P and in another point Q. He showed that the tangent to (I ) at N passes through

8 For the contribution of Gambier on Poncelet’s polygons, see the next section.
9 This theorem asserts that if |A| is a complete linear series on a curve X , the residual divisors R of a given
divisor B with respect to |A| constitute a complete linear series |R| on X , and moreover, for any divisor
B′, linear equivalent to B, the residual divisor of B′ with resect to |A| belongs to |R|. See, for instance,
(Beltrametti et al. 2009).
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Fig. 2 Illustration of Lemma L, and Lebesgue’s construction to prove it
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R
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Q
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S

Fig. 3 Illustration of the second step of Lebesgue’s proof of Lemma L

C and also that the tangent to (I I ) at Q passes through B and the second point of
intersection D of  with C N .

Lebesgue called � the pencil of conics determined by (I ) and the pair of lines AB,
C N and observed that the two pencils, F and �, determine the same pairs of points
on the line AD; in fact, the two pencils have (I ) in common, and both give the pair
A, C . So, he remarked, the point R that is the intersection of � and AD is the point
of contact of AD with a third conic (I I I ) belonging to F . By the previous results, it
follows that this conic is tangent to BC in the point S intersection of � and BC .

At this point, Lebesgue considered two opposite sides AB and C D, respectively,
tangent at M and N to a conic (I ) belonging to F (see also Fig. 3).10 By the previous
reasoning, he showed that R is the contact point of AD with a conic from F . This
allowed him to return to the previous case, making it possible to consider the quad-
rangle determined by the consecutive sides AB, AD and the contact points M , R. So
he had proved the lemma.

10 This figure is similar to that that Lebesgue inserted at p. 62 of his memoir.
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A
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C

Γ

Γ1

Γ2

Γ3

a b

c

Fig. 4 ABC is a triangle inscribed in the conic  whose sides are tangent to the three conics 1, 2, 3,
at a, b, c, respectively. Here it is shown the case in which a, b, c are collinear

A

B

C

Γ1Γ2 Γ3

Γ

M P
S Δ

S

Fig. 5 Line � intersecting BC in S, the harmonic conjugate with respect to B and C of the contact point
S′ of BC on 3

Since the triangle ABC of the previous reasoning is any triangle inscribed in ,
Lebesgue observed that he had also proved that if a line � intersects the sides AB and
AC at the contact points M and P of two conics from the pencil F , then � intersects
the third side BC at the contact point S with another conic of the F . Thus, the six
points of contact, with conics belonging to F , of the sides of a triangle inscribed in 

lie, three by three, on four lines.
Hence, affirmed Lebesgue, if ABC is a triangle, inscribed in a conic  and whose

sides are tangents to three conics 1, 2, 3 from the pencil F , then there are two
possibilities.

1. The three points of contact a, b, c are collinear (see Fig. 4);
2. The line � joining the two points of contact M and P on AB and AC intersects

BC in the point S that is the harmonic conjugate with respect to B, C of the contact
point S′ of BC with 3 (see Fig. 5).
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A

C B
α

β γ1

B

C

αΔ

b

c

Aa

γ
β

γ

Fig. 6 Illustration of Theorem L1 for a triangle ABC inscribed in  and circumscribed about 1, 2, 3.
The points α, β, γ are the contact points of the sides BC, CA and AB, respectively

He called the triangle ABC , tangent to 1, 2, 3, in the first case, and circum-
scribed to 1, 2, 3, in the second case.

For a polygon ABC . . . K L inscribed in  and whose sides touch successively the
conics 1, . . . , n from the pencil F , he denoted by (AC) the conic of F such that
the triangle ABC is circumscribed about 1, 2 and (AC); by (AD) the conic such
that the triangle AC D is circumscribed about (AC), 3 and (AD), and similarly for
(AE), . . . , (AK ).

The triangle AK L , Lebesgue observed, can be tangent to the conics (AK ),n−1, n

or circumscribed about them. In the first case, he called the polygon ABC . . . K L
tangent to 1, . . . , n , and in the second case, he called the polygon ABC . . . K L
circumscribed about 1, . . . , n . He also noticed that this distinction does not depend
on the choice of the vertex A as “initial” vertex of the polygon.

Lebesgue stated the general Poncelet theorem as follows (p. 64):

Theorem L1 Let the conics , 1, . . . , n from the pencil F . If there exists a polygon
inscribed in  and circumscribed about 1, . . . , n, then infinitely many such polygons
exist.

To determine such a polygon, it is possible to give arbitrarily:

1. the order in which its successive sides touch 1, . . . n ; let the order ′
1, . . . , 

′
n :

2. a tangent to ′
1 containing one side of the polygon;

3. one of the two pints of intersection of this tangent with  through which the side
of the polygon tangent to ′

2 will pass.

Lebesgue first proved the theorem for a triangle ABC inscribed in  and circum-
scribed about 1, 2, 3. He denoted by α, β, γ the contact points of the sides BC ,
C A, AB with 1, 2, 3, respectively, then considered another tangent B ′C ′ to 1,
with B ′ and C ′ on , and called α′ the contact point of B ′C ′ with 1 (Fig. 6).

Then Lebesgue applied lemma L to the quadrangle BC B ′C ′, with � the line αα′.
This line intersects B B ′ in the point b, CC ′ in the point c, and there is a conic S from
the pencil F that is tangent to B B ′ in b and to CC ′ in c. Again by lemma L, the sides
C A, CC ′ and the contacts β, c determine a quadrangle inscribed in . Let A′ be the
fourth vertex of this quadrangle, and β ′, a the intersections of βc with C ′ A′ and AA′.
β ′ is on 2 and a is on S. The figure B B ′ AA′ is a quadrangle inscribed in , and
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A
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C

D

E

Γ

(AC)

(AD)

Γ5

Γ4

Γ3

Γ2

Γ1

Fig. 7 Illustration of the general case of Theorem L1 for a polygon ABC. . .KL, which is inscribed in 

and whose sides are tangent to 1, 2, . . . , n . This case is reduced to the previous one by considering a
suitable sequence of triangles ABC, ACD,. . ., AKL

for it the line � is the line ab. This line intersects AB and A′B ′ in the points γ1 and
γ ′ belonging to a same conic from the pencil F . Lebesgue proved, by reductio ad
absurdum, that this conic is in fact 3, i.e. γ ′ = γ and not its harmonic conjugate.
Hence A′B ′C ′ is circumscribed about 1, 2, 3, and the claim follows for a triangle,
because to change the order of 1, 2, 3, maintaining B ′C ′ tangent to 1, one has to
change only the role of B ′ and C ′.

Then Lebesgue considered the general case of a polygon ABC . . . K L inscribed in
 and whose sides are tangent to 1, 2, . . . , n (Fig. 7).

He reduced this case to the previous one, as Poncelet had done, by using a suitable
sequence of triangles ABC ; AC D;…; AK L , respectively, circumscribed to the conics
1,2, (AC); (AC),2, (AD);…; (AK ),n−1,n , where the conics (AC),…, (AK )

are defined as above.
Finally, he completed the proof by showing that the result is independent from the

order with which the sides touch the conics 1, . . . , n . In fact, he proved that the
result is still true if one changes the order of pair of conics (for instance, 1 and 2)
and observed that any permutation of the set 1, . . . , n is the product of a sequence
of consecutive transpositions.

Lebesgue remarked that the proof, a repeated application of lemma L, reveals how
it, although seeming somewhat artificial, is instead closely connected with the theorem
of Poncelet. Lemma L has the same role as the main lemma of Poncelet.

2.2 Representation of the conics of a pencil by points of a cubic

Lebesgue considered a pencil of conics F = C + λ and a point A in the plane (that,
without loss of generality, he supposed to lie on) and observed that the locus C of the
contact points of the tangents from A to the conics of F is a cubic curve. Its equation
is obtained by eliminating the parameter λ between the equation of the pencil, and the
equation P + λ� = 0 of the polar of A, and so is C� − P = 0. He remarked that
any conic of the pencil is represented by two points of C: the points of contact m, m′
of the tangents drawn from A to the conic itself. He called them representative points
of the conic.
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Fig. 8 Representation of the cubic curve C which is the locus of the contact points of the tangents from A
to the conics of the given pencil C + λ = 0 (in this case circles). Its equation is obtained by eliminating
λ between the equation of the pencil and the equation P + λ� = 0, of the polar of A, i.e. C� − P = 0.
Any conic of the pencil is represented by the two contact points m, m′

A

Z

m

m

Γ

α

β γ

Fig. 9 Representation of the point Z, defined by P = � = 0, which lies on the tangent to  at A and is
the conjugate of A with respect to the pencil, i.e. the contact point of the other of the pencil tangent to the
line AZ

The line joining m, m′ passes through the point Z , defined by P = � = 0, which
belongs to every polar of A with respect to the conics of F (Fig. 8).

The point Z lies on the tangent to  at A and is the conjugate of A with respect to
F , i.e. the contact point of the other conic of the pencil tangent to the line AZ (see
also Fig. 9).
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Fig. 10 Representation of one of the six triangles having the point A on  as a vertex

There are exactly four conics of F whose representative points coincide: the conic
, whose representative points are on A, and the three degenerate conics, whose
representative points are the vertices α, β, γ of the self-polar triangle common to all
conics of the pencil. Moreover, Z A, Zα, Zβ, and Zγ are the tangents to C from Z , and
the tangent to C at Z is the polar of A with respect to the conic ofF passing through Z .

After having remarked this, Lebesgue wanted to find the condition that ensures the
existence of a triangle ABC that is inscribed in  and circumscribed about the conics
1, 2, 3 ( and 1, 2, 3 all in the same pencilF). To do so, he argued as follows.

He called 1, 2, and 3 associated with respect to , if such a triangle exists. In
this case, theorem L1 (i.e. the general Poncelet theorem) asserts that if there exists one
such triangle then there are six others having A ∈  as a vertex. Let ABC one of these
triangles, the side AB, that he named 1, is tangent to 1 at m1 and to another conic of
the pencil, say (I ), at the point M (see Fig. 10). Then the side AC , which he called
2′, is tangent at m′

2 to 2. Then Lebesgue considered the quadrangle ABC D, defined
by AB and AC and the contact points M and m′

2. The line Mm′
2 intersects BC at its

contact point μ2 with 2. Therefore AD, which he called 3′, is tangent to 3 at the
point m′

3 on Mm′
2. The triangle AB D is circumscribed about 1, 2, and 3. Next

Lebesgue considered the quadrangle ABC E determined by AB, BC and the points
m1 and μ3, obtaining a triangle AC E having the same property, with AE tangent to
3 in a point of m1μ3 etc. In this way, he showed that the six tangents from A to 1,
2, and 3 can be partitioned into two groups, say 1, 2, 3 and 1′, 2′, 3′, so that two
tangents, labelled with different numbers and not in the same group, define a triangle
circumscribed to 1, 2, and 3.

Moreover, he proved that three representative points m1, m2, m3 of 1, 2, and 3
are the intersections, other than A and Z , of C with a conic passing through A and
tangent to C at Z (Fig. 11 where a branch of a hyperbole having the coordinate line y
as asymptote is represented).

To show this, he considered the pencil of cubics defined by C, and the cubic com-
posed of the three lines m1M , m2m′

2, m3m′
3; all these cubics pass through the six

points m1, M, m2, m′
2, m3, m′

3, the point A, and Z with multiplicity 2. He observed
that among them there are those which split into the line Mm′

2m′
3 and a conic, and this

implies that the three points m1, m2, m3 are the intersections, other than A and Z , of
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Fig. 11 Three representative points m1, m2, m3 on 1, 2, 3, are the intersection, other than A and Z,
of the cubic C with the conic passing through A and tangent to C at Z. The branch of a hyperbole passing
through m1, m2, m3 and having the coordinate line y as asymptote is shown

C with a conic passing through A and tangent to C at Z . Since Lebesgue showed that
the converse also holds true, he finally had proved the following:

Proposition L The systems of three associated conics are determined by the variable
systems of three points of intersection of C with the conics of the net of conics passing
through A that are tangent to C at Z.

At this point, Lebesgue wrote (p. 69):
Il n’y aurait aucune difficulté à utiliser la cubique C pour traiter le cas général du

théorème de Poncelet et pur en déduire les relations que l’on doit à Cayley; mais on
gagnera en clarté à passer de la cubique C à celle introduite par Cayley [there should
be no difficulty in the use of the cubic C to tackle the general Poncelet theorem, and
to deduce the relations due to Cayley; but one will gain in clarity in passing from the
cubic C to the one introduced by Cayley].

He was referring to the Cayley cubic

C0 : y2 − D(x) = 0,

where D(x) is the value of the discriminant of C + λ = 0 for λ = x .
To establish the relation between C and C0, Lebesgue considered a rational trans-

formation φ of the plane given by

x = R1(X, Y ); y = R2(X, Y ),

such that when restricted to C is birational. Under the map φ, the two representative
points m1, m′

1 of a conic from the pencil F correspond to two points M1, M ′
1, that,

when the conic varies, describe a curve C0. The representative points m1, m2, m3 of
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three associated conics with respect to  are the intersections of C with the conics
of a net μ1C1 + μ2C2 + μ3C3 = 0, which is transformed by φ into another net of
conics. Each conic from this latter cuts on C0 sets of exactly three variable points.
Then, Lebesgue observed, the relation among the representative points is maintained.
Since the representative points of the conic C + λ = 0 are the intersection points
of C with the polar line P + λ� of A, this leads, Lebesgue argued, a second degree
equation, and one finds, for the coordinates x, y of the representative points, two pairs
of values given by two rational functions of λ and of the square root of a polynomial
of second degree in λ. This polynomial in λ vanishes only if the representative points
fall together, hence for the conic  (λ = ∞), and for the singular conics of the pencil.
Therefore, this polynomial is just D(λ) and so one has

x = R1

(
λ,
√

D(λ)
)

, y = R2

(
λ,
√

D(λ)
)

,

with R1, R2 rational functions of degree 1 in
√

D(λ). On the other hand, continued
Lebesgue, knowing x, y, the equation of the polar P +λ = 0 gives λ, which in turns
gives D(λ). Then, he concluded, X = λ, Y = D(λ) and C0 is the Cayley cubic.11

At this point, applying Sylvester’s theory of residuation (recalled in Art. 13, pp.
73–75), Lebesgue proved that:

The images, on the Cayley cubic C0, of the representative points of three associated
conics with respect to  (corresponding to the tangents of a same group) are collinear.

2.3 The condition allowing an inter-scribed n-gon

Then Lebesgue proceeded to find the condition for the existence of a polygon inscribed
in  and circumscribed abut 1, . . . , n (n. 14, pp. 75–76).

Let ,1, . . . , n be conics from the pencil F . The conics 1, . . . , n are said
to be associated with respect to  if there exists a polygon ABC D . . . K L which is
inscribed in  and circumscribed about 1, . . . , n . As in the case of the triangle,
it can be proved that tangents from A to 1, . . . , n can be divided into two groups
(independent of any permutation of 1, . . . , n) such that any Poncelet n-gon with
vertex A has exactly one side in each group. This division gives a similar partition of the
characteristic points of 1, . . . , n on C, and then for those on C0, say 1, 2, 3, . . . and
1′, 2′, 3′, . . .. Let (AC), (AD),…be the conics determined as in the above definition of
a circumscribed polygon. Let c, γ ; d, δ;… be the corresponding characteristic points
on C0 so that the triples 1, 2, c; γ, 3, d; δ, 4, e,… are characteristic points of the same
group with respect to the corresponding conics. The points 1, 2, c, as well as γ, 3, d
are collinear. Hence 1, 2, 3, d are residual with c, γ . But the line cγ contains the point
Z and so c, γ are residuals of Z too.

Taking a coordinate system in the plane such that the tangent line to C0 at Z is the
line at infinity, and the axis Oy is the line AZ , Lebesgue examined the case of four
and five conics (i.e. n = 4, 5). Then he could inductively conclude (p. 76):

11 Lebesgue also gave two other methods for proving this result, see pp. 71–73 of his paper.
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3n − p points on the Cayley cubic C0 are characteristic points of the same group for
3n − p conics (p = 0, 1, 2) associated with , if and only if these points are placed
on a curve of degree n which has Oy as an asymptotic line of order p.

After having considered the simpler case of a pencil of circles, that he analysed by
means of elementary geometry, Lebesgue examined the results he had reached in the
case of polygons inscribed in a conic and circumscribed about another (pp. 84–86).
By geometrical arguments he showed that (p. 86) “dans tout les cas, les tangentes d’un
même groupe (voir n. 14) issues de A sont toutes confondues” [in all the case, the
tangents belonging to a same group (see n. 14) issuing from A all coincide among
them]. Therefore, Lebesgue concluded, “Que l’on ait pris pour représenter les coniques
du faisceau , 1 de points de la cubique C ou de la cubique de Cayley, les n points
représentatifs d’un même groupe, qu’il faut considérer pour exprimer qu’il y a un
polygone de n côtés inscrit à  et circonscrit à 1, sont donc confondus” [However,
one chooses for representing the conics of the pencil , 1 points on the cubic C or on
the Cayley cubic, the n points representative of a same group, which it is necessary to
consider in order to state that there is a n-gon inscribed in  and circumscribed about
1, all have to coincide].

Then he stated the following theorem (p. 86), which expresses the condition for the
existence of an inter-scribed polygon:

Theorem L2 There exists a polygon of 3n− p sides inscribed in  and circumscribed
about 1, if and only if there exists a curve of degree n admitting Oy as asymptotic
direction of order p, and that has a contact of order 3n − p − 1 with C0 at one of the
representative points of 1.

Lebesgue added some remarks. For a triangle, the conic 1 has one of the flexes
of C0 other than the point a infinity Z as a representative point. Since C0 has eight
flexes other than Z , two by two aligned with Z , there are four conics 1, 

′
1, 

′′
1 , 

′′′
1 ,

all belonging to the same pencil together with another conic , such that there exists
a triangle inscribed in  which is also circumscribed about one of 1, 

′
1, 

′′
1 , 

′′′
1 . It

seems that Lebesgue was not aware of Gerbaldi’s result.
Finally, Lebesgue gave the formulae due the Cayley.
Let y2 = D(x) be as above the Cayley cubic, with D(x) the discriminant of the

conic C + x from the pencil F . It is known that n values of x define a system of n
associated conics, if they are all abscissae of the intersection points (at finite distance)
of C0 with an algebraic curve. By substituting D(x) in the place of y2 in the equation
of this curve, one is led to a new equation:

P(x)y + Q(x) = 0,

thus the abscissae of the intersection points are given by:

P2(x)D(x) + Q2(x) = 0. (2.1)

This equation, Lebesgue observed, will have three roots for P of degree 0 and Q of
degree 1, four for P of degree 0 and Q of degree 2, five for P of degree 1 and Q of
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degree 2, six for P of degree 1 and Q of degree 3, and so on. Hence, he concluded,
for n = 2p one has the equation:

√
D(x)[a0x p−2 + a1x p−3 + · · · + ap−1] + [b0x p + b1x p−1 + · · · + bp],

and for n = 2p + 1 the equation:

√
D(x)[a0x p−1 + a1x p−2 + · · · + ap−1] + [b0x p + b1x p−1 + · · · + bp].

Therefore, if λ1, . . . , λk are the roots of these equations, by eliminating the coef-
ficients ai and bi , he found the relations expressing the condition that the conics
i = C + λi = 0, i = 1, . . . , k, are associated with respect to . Precisely, for
k = 2p

∣∣∣∣∣∣∣
1 λ1 λ21 . . . λ

p
1

√
D(λ1) λ1

√
D(λ1) . . . λ

p−2
1

√
D(λ1)

...
...

...
...

...
...

...
...

...

1 λk λ2k . . . λ
p
k

√
D(λk) λk

√
D(λk) . . . λ

p−2
k

√
D(λk)

∣∣∣∣∣∣∣
= 0,

and for k = 2p + 1

∣∣∣∣∣∣∣
1 λ1 λ21 . . . λ

p
1

√
D(λ1) λ1

√
D(λ1) . . . λ

p−1
1

√
D(λ1)

...
...

...
...

...
...

...
...

...

1 λk λ2k . . . λ
p
k

√
D(λk) λk

√
D(λk) . . . λ

p−1
k

√
D(λk)

∣∣∣∣∣∣∣
= 0.

In the case when all λ1, λ2, . . . vanish, Lebesgue remarked, one obtains the Cayley
formulae by setting

√
D(x) = A + Bx + C2x2 + C3x3 + C4x4 + · · · ,

and substituting in the equations above. Then, for n = 2p, the relative condition is
equivalent to affirming the existence of a non-trivial solution of the following linear
system

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

a1C3 + a1C4 + · · · + ap−2C p+1 = 0
a1C4 + a1C5 + · · · + ap−2C p+2 = 0
...

a1C p+1 + a1C p+2 + · · · + ap−2C2p−1 = 0

and thus one gets the Cayley condition

∣∣∣∣∣∣∣∣∣

C3 C4 . . . C p+1
C4 C5 . . . C p+2
...

...
...

...

C p+1 C p+2 . . . C2p−1

∣∣∣∣∣∣∣∣∣
= 0.
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In the same way, for n = 2p + 1, one obtains

∣∣∣∣∣∣∣∣∣

C2 C3 . . . C p+1
C3 C4 . . . C p+2
...

...
...

...

C p+1 C p+2 . . . C2p

∣∣∣∣∣∣∣∣∣
= 0.

3 Todd’s elementary proof of the Cayley condition

In the 1920s, Bertrand Gambier12 published a series of papers and short notes regard-
ing Poncelet’s polygons and their generalization. He had already published a nice
geometrical proof of (1.1) of part I in Gambier (1914).13

In his paper (1925), Gambier considered two real conics and found, without the use
of elliptic functions, the conditional equation allowing the existence of an inter-scribed
n-gon. In the paper (1929), he studied, by means of certain ruled surfaces in the space,
the existence of polygons inter-scribed to a pair of plane curve of degree larger than two.

As we know, Poncelet’s polygons are associated with doubly binary forms of order
(2, 2), i.e. (2, 2)-correspondences (αt)2(aτ)2 = 0, with the closure property: if a
sequence t1, . . . , tn, . . . ; τ1, . . . , τn, . . . of solutions of the last equation closes after n
steps, then all such sequences close in n-steps. After H.S. White (1916) had shown in
the existence of binary forms of order (3, 3) having a similar property, Arthur Coble
published two papers in which he discussed the conditions for the closure of doubly,
and multiple, binary forms of order (k, κ) (Coble 1921, 1926).

In those years, a number of more elementary contributions on Poncelet’s polygons
and related questions appeared in the literature. Among these, we only quote two
papers by Theodore W. Chaundy.14 In Chaundy (1924, 1926), he found, by means of
some recursive formula, the condition P[n] for the existence of a polygon of n sides
inter-scribed to two circles (one inside the other) for many values of n up to 42 (see
also Kerawala 1947).

In 1942, as we already know, Lebesgue republished the memoir of (1921) as a
chapter of his book Les Coniques, and probably John Arthur Todd,15 had the book in
his hands. The geometrical account of Cayley’s result, presented therein, suggested to

12 For more information on B. Gambier (1879–1954), we refer to: P. Vincensini, L’oeuvre mathématique
de Bertrand Garbier (1879–1954), Ann. Fac. Sc. de Marseille, 1955; or “In memoria di Bertrand Gambier”
in Boll. Un. Mat. It. 11 (1956), pp. 599–607.
13 Here and in the following, the formulae to which we refer by (x, y) with x = 1, . . . , 10 appear in the
first part of the article.
14 Theodore William Chaundy (1889–1966) was lecturer in Oxford, and he became known for the
Burchnall–Chaundy theory in the field of differential operators. For more information, see the obituary
published in the J. London Math. Soc. 41 (1966), pp. 755–756.
15 John Arthur Todd (1908–1994) studied under H. F. Baker at the University of Cambridge and became
lecturer in the same University. In 1948, Todd was elected a Fellow of the Royal Society of London. He is
known for having introduced the so called Todd class in the theory of higher-dimensional Riemann–Roch
theorem and the Coxeter–Todd lattice; see the obituary by M. Atiyah in Bull. London Math. Soc. 30 (1998).

123



Poncelet’s porism, II

Todd a new proof within the theory of invariants. In fact, in his introduction of Todd
(1948) he wrote:

Cayley proved this by consideration of properties of elliptic functions. This
approach is, in fact, themost naturalmethod of attack and has formed the basis for
most of subsequent work on the subject. But the simple form taken by Cayley’s
result presents a challenge to produce an elementary analytical proof, assuming
only what is familiar in the standard accounts of the theory of invariants of a
pair of conic (such as Salmon’s own account, which is one of the best) …the
device of section 4 below, which is the critical step in the argument, was sug-
gested directly by the delightful geometrical account given by Lebesgue, whose
paper consists essentially in replacing Cayley’s transcendental arguments by
geometrical considerations of residuation on a plane cubic curve.

Todd considered the pencil of conics S + λS′, and its discriminant �(λ) = � +
�λ + �′λ2 + �′λ3, where �,�,�′,� are the invariants of the two conics S and S′.
If

√
�(λ) =∑∞

r=0 crλ
r , putting

u2k =

∣∣∣∣∣∣∣∣∣

c2 . . . ck+1
c3 . . . ck+2
...

...
...

ck+1 . . . c2k

∣∣∣∣∣∣∣∣∣
, u2k+1 =

∣∣∣∣∣∣∣∣∣

c3 . . . ck+2
c4 . . . ck+3
...

...
...

ck+12 . . . c2k+1

∣∣∣∣∣∣∣∣∣
, (3.1)

he wrote the Cayley condition in the form

un−1 = 0. (3.2)

Todd started by proving the fundamental

Lemma To If one side of a triangle inscribed in a conic S′ touches a conic S, and if
a second side touches a conic S + q S′ of the pencil determined by S and S′, then the
envelope of the third side consists of the two conics S + r1S′, S + r2S′ of the pencil,
where r1, r2 are the roots of the quadratic equation in r

�′2q2r2 − 2�′(2� + �q)r + [(�2 − 4��′) − 4��′q] = 0. (3.3)

To prove this, he argued as follows. He let XY Z be a triangle satisfying the condi-
tions, so that Y Z touches S at P and Z X touches S+q S′ at Q, let E be the intersection
point of X P and Y Q (Fig. 12) and R the intersection point of Z E and XY . Then he
took the triangle XY Z as triangle of reference, and the point E as the unit point, so
that P, Q, and R have, respectively, coordinates [0, 1, 1], [1, 0, 1], and [1, 1, 0]. In
this way,

S′ = f xy + gzx + hxy = 0

and since S touches Y Z at P and S + q S′ touches Z X at Q, the equation of S is of
the form

S = x2 + y2 + z2 − 2yz − 2(1 + gq)zx − 2(1 + hr)xy = 0,
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X

Y

Z

P

Q

R E

S

S

S+qS

Fig. 12 Illustration of Lemma To

for some value of r . From these equations, it is easily recognized that S + r S′ touches
XY at R.

Finally, he computed the invariants �,�,�′,� of the pair of conics, and by elim-
inating f, g, h among their expressions, he found

(� − �′qr)2 = 4�[�′ + �′(q + r)],

which is clearly equivalent to (3.3).
The next step was to prove the following theorem.

Theorem To1 If A1A2 . . . An is an n-gon inscribed in a conic S′, and if A1A2,
A2A3,…, An−1An all touch a conic S, then A1An touches the conic S + λn S′, where

λ3 = �2 − 4��′

4��′ , λ4 = 2(2� + �λ3)

�′λ23,
(3.4)

and, if n > 4,

λnλn−2 = (�2 − 4��′) − 4��′λn−1

�′2λ2n−1

, λn + λn−2 = 2(2� + �λn−1)

�′λ2n−1

· (3.5)

It is to be understood, in this statement, that a pair of consecutive sides Ar−1Ar ,
Ar Ar+1 of the polygon are distinct unless, exceptionally, Ar is a common point of S
and S′.

For n = 3, one has q = 0 so that (3.3) reduces to a linear equation whose root is
the value λ3 defined by (3.4). Hence the third side of a triangle inscribed in S′ and
having two sides tangent to S is the conic S + λ3S′.

If n = 4, let A1A2A3A4 be a quadrangle inscribed in S′ such that A1A2, A2A3,
A3A4 touch S, A1A4 touches S+λ3S′. By applying the lemma to the triangle A1A2A3
where A1A3 touches S + λ3S′ and A3A4 touches S, it follows that A1A4 touches one
of the two conics S +r S′ where r satisfies (3.3) with q = λ3. One root of this equation
is zero and corresponds to the fact that A3A2 is one of the tangents to S from A3 while
A1A2 touches S. The other root is clearly λ4 as defined by (3.4), and S + λ′

S is thus
the envelope of A1A4 (Fig. 13).
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A1

A2

A3

An−2

An−1

An

S

S

S+λn−1S

Fig. 13 Illustration of Theorem To1

For n > 4, Todd proceeded by induction. Assuming that A1An−1 touches S +
λn−1S′ it is readily seen, by considering the triangles A1An−1An and A1An−1An−2,
thatA1An envelops a conic S + λn S′ of the pencil, and that λn and λn−2 are the roots
of (3.3) when q = λn−1. From here, taking into account the formula for the product
and the sum of the roots of a quadratic equation, relation (3.5) follows at once.

“Up to this point” wrote Todd “our argument has been simple and fairly familiar.
The difficulties arise when we attempt to obtain an explicit expression for λn from the
recurrence relations (3.5).”

Hence he proceeded indirectly, and the crucial step towards the determination of
λn was to prove the following.

Theorem To2 If λn is defined by (3.4) and (3.5), then, for any n ≥ 3, there exist
polynomials Pn(λ), Q(λ), free from common factors, such that

[Pn(λ)]2 − 4��(λ)[Qn(λ)]2 = dnλn−1(λ − λn), (3.6)

where dn is a constant, and where the degrees of Pn(λ) and Qn(λ) may be taken not
to exceed, respectively, k and k − 1 if n = 2k + 1, or k + 1 and k − 1 if n = 2k + 2.

For the proof, he first verified (3.6) for n = 3, 4 and then he proceeded by induction
on n. All this rests on a very long computation that, for sake of space, we omit here.

At this point, Todd was in the position to determine λn . He first observed that, since
dn �= 0, by absorbing suitable constants factors, (3.6) can be written in the form

[An(λ)]2 − �(λ)[Bn(λ)]2 = λn−1(λ − λn), (3.7)

where An(λ) and Bn(λ) are polynomials with non-vanishing constant terms whose
respective degrees do not exceed k, k − 1 if n = 2k + 1 or k + 1, k − 1 if n = 2k + 2.
Then, by using the above power series expansion C(λ) of �(λ), he wrote (3.7) in the
form

[An(λ) + Bn(λ)C(λ)][An(λ) − Bn(λ)C(λ)] = λn−1(λ − λn), (3.8)

and, since the constant terms in An(λ) and Bn(λ) are not zero, one of the factors on
the left of (3.8) must be a power series with a nonzero constant term, and the other
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must be a power series whose terms all have the exponent of λ greater that or equal to
n − 1. Since Bn(λ) is not determined as to sign by (3.7), he supposed

[An(λ) + Bn(λ)C(λ) = λn−1(p0 + p1λ + · · · ) (3.9)

[An(λ) − Bn(λ)C(λ) = q0 + q1λ + · · · (3.10)

where q0 �= 0 and where, since the product of the two factors is λn−1(λ − λn), he
obtained.

p0q0 = −λn . (3.11)

Todd determined the λn by equating coefficients. He distinguished two cases,
according the parity of n.

Supposing n = 2k + 1, he wrote

An(λ) =
k∑

r=0

arλ
r , Bn(λ) =

k−1∑
r=0

brλ
r , Cn(λ) =

∞∑
r=0

crλ
r .

Substituting these values in (3.9) and (3.10) and equating constant terms, he got

a0 + b0c0 = 0 a0 − b0c0 = q0,

and so
q0 = −2b0c0. (3.12)

Equating coefficients of λk+1, λk+2,…, λ2k in (3.9), he found

⎧⎪⎪⎨
⎪⎪⎩

bk−1c2 + bk−2c3 + · · · + b0ck+1 = 0,
· · · · · · · · ·
bk−1ck + bk−2ck+1 + · · · + b0c2k−1 = 0,
bk−1ck+1k + bk−2ck+2 + · · · + b0c2k = 0.

From this system of equations, with the notation of (3.1), it follows that

bk−1 = (−1)k u2k−1

u2k
p0, b0 = u2k−2

u2k
p0, (3.13)

and by equating coefficients of λn in (3.7), he got

− δ′b2k−1 = 1. (3.14)

Since c0 = �
1
2 , from (3.11)–(3.14) it follows that

λ2k+1 = −2�
1
2

�′
u2k−2u2k

u2
2k−1

· (3.15)
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For n = 2k + 2, proceeding similarly, he found

λ2k+2 = −2�
1
2

u2k−1u2k+1

u2
2k

· (3.16)

Thus λn is given by (3.15) or (3.16), with the conventional addition that u0 = u1 =
1, and where the sign of �

1
2 is chosen so that c0 = +�

1
2 according as n is odd or

even. The condition that an n-gon exists inscribed in S′ and circumscribed about S is
then given by λn = 0, λn−2 �= 0, and this leads to the condition un−1 = 0 as stated
by Cayley.

In the following years, mathematicians’ interest in Poncelet polygons decreased,
and within a decade, all related questions seemed to sink in the mist of history.

4 A new interest in Poncelet’s closure theorem

In 1976, Phillip A. Griffiths attracted again the attention of the mathematical world on
Poncelet’s porism. In his seminal work Variations on a theorem of Abel, he showed
several applications of the classical theorem of Abel to “elementary” problems in
geometry, some of which dealt with closure theorems (Griffiths 1976, pp. 345–348).
Here Griffiths wrote:

So far as I can tell, it was Jacobi who first applied elliptic functions to the
question, and we shall present a variant of his method here. It is interesting to
note that the result we shall prove will be equivalent to the addition law for an
elliptic integral, so that the early somewhat complicated proofs of the Poncelet
theorem must have amounted to synthetic derivation of this addition formula,
presumably in the same way in which the addition formula for the sine function
may be derived by drawing pictures.

He first considered a plane quartic C = { f (x, y) = 0} having two ordinary double
points P and Q. Given A1 onC\{P, Q}, the line A1P will meetC in point B1\{P, Q},
the line B1Q will meet C in a pont A2 ∈ C\{P, Q}, and so on. As in Weyr (1870)
(see section 8 of part I) the question is: when will An = A1? To answer this question,
Griffiths considered the abelian integral of the first kind

u =
∫

l(x, y)dx

∂ f/∂y(x, y)
,

where l(x, y) = 0 is the equation of the line P Q. Applying Abel’s theorem, he wrote

u(A1) + 2u(P) + u(B1) ≡ K
u(B1) + 2u(Q) + u(A2) ≡ K

...

u(An−1) + 2u(P) + u(Bn−1) ≡ K
u(Bn−1) + 2u(Q) + u(An) ≡ K

where K is a constant and ≡ means “congruent modulo periods”. Adding up with
alternating signs, he got
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u(A1) + 2nu(P) ≡ u(An) + 2nu(Q),

and he concluded that:
One has A1 = An if and only if 2nu(P) ≡ 2nu(Q).
He also observed that this condition is independent of the initial point A1 and

imposes one condition on the pair of points P, Q.
To prove the Poncelet closure theorem, Griffiths argued as follows.
He considered two non-singular conics C, D in the projective plane, that he sup-

posed were nowhere tangent, i.e. such that C ∩ D consists of four distinct points. By
stereographic projection from a point P ∈ C onto a line L , with linear coordinate ξ ,
he rationally parameterized C by ξ → (x(ξ), y(ξ)), where x(ξ), y(ξ) are quadratic
functions of ξ . Fixing a tangent line TD to D, with linear coordinate η, he wrote the
equation a(η)x +b(η)y of the unique tangent line to D, other than TD , passing through
η. The a(η), b(η) are quadratic functions of η and parametric equations for the dual
conic D∗.

Suppose that from a point P1 ∈ C a tangent to D is drawn meeting C in Q1 and
that from Q1 another tangent to D is drawn meeting C in P2, and so forth. One get
a polygonal line P1, P2, . . . , Pn , which is inscribed in C and circumscribed about D.
The Poncelet closure problem, Griffiths remarked, is: when does Pn = P1 for some n?

He derived the answer from the previous application of Abel’s theorem, defining
the incidence correspondence:

E := {(P, T ) ∈ C × D∗ � P
1 × P

1 : P ∈ T }.

Since the two conics are nowhere tangent, Griffiths argued, E is a non-singular curve of
type (2, 2) on the quadricP

1×P
1. By the adjunction formula for curves on a surface, or

by the Riemann–Hurwitz formula,16 and considering themorphism E → D∗ given by
(P, T ) → T , it follows that E has genus 1. Then the map (ξ, η) → [1, ξ, η] induces a
rational map F : P

1×P
1 → P

2. If one assumes that E does not pass through∞×∞,
then C := F(E) is a plane curve of equation x(ξ) = a(η)y(η) + b(η), and thus a
quartic with two ordinary double points at P = [0, 1, 0] and Q = [0, 0, 1].

Translating from the previous result, Griffiths could enunciate:
The condition that the polygonal line constructed above closes after n sides is inde-
pendent of the initial point, and imposes one condition on the pair of conic C, D.

Griffiths returned to this subject in the first section of his joint paper with Joseph
Harris (Griffiths andHarris 1977). Although themain goal of their paper was to give an
extension of the classical Poncelet closure theorem from plane to space, in the first sec-
tion they offered a new proof of that theorem, in a modern algebraic-geometric setting.

Under the same hypothesis on C and D as above, the construction of a polygonal
line inscribed in C and circumscribed about D suggested them to considered the
following two involutions on the curve E (see Fig. 14a):

i : E → E, i(P, T ) = (P, T ′),

16 For these formulae, see for instance (Griffiths and Harris 1978b).
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P2

P3
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T1

T2

T3

(b)(a)
Fig. 14 a Representation of the action of the two involutions i and i′ on E. b The effect of iterating the
map j = i′ ◦ i . The inter-scribed polygonal will close if jn(P, T ) = (Pn , Tn) for some n

where T ′ is the other tangent to D that can be drawn from P , and

i ′ : E → E, i ′(P, T ) = (P ′, T ),

where P ′ is the residual intersection of T with D. So the composition j = i ′ ◦ i gives
j (P, T ) = (P ′, T ′). With the notation of Fig. 14b, it follows that

i(Pk, Tk) = (Pk, Tk+1), i ′(Pk, Tk+1) = (Pk+1, Tk+1),

hence j (Pk, Tk) = (Pk+1, Tk+1), and consequently jn(P, T ) = (Pn, Tn). Then it is
clear that the polygonal line closes if jn(P, T ) = (P, T ) for some n.

Now, the involutions i and i ′ on E are, respectively, induced by automorphisms ĩ
and ĩ ′ on the universal covering C of E (� C/� being� an additive subgroup of rank
2 of C), say these

ĩ(u) = αu + τ, ĩ ′ = α′u + τ ′.

Then, since i2 = idE , if follows that ĩ2(u) = α2u + (α + 1)τ = u + λ for some
λ in �, hence α = ±1 and in fact α = −1, otherwise i would have no fixed points.
Similarly α′ = −1. Therefore jn(u) = u + n(τ − τ ′) and so jn(P, T ) = (P, T ) if
and only if n(τ − τ ′) ∈ �. At this point, Griffiths and Harris observed that, since this
condition is independent of the choice of the initial point on C , the closure theorem
of Poncelet follows at once.

This is undoubtedly the shortest and most elegant proof of the closure theorem for
(nowhere tangent) conics.

4.1 Poncelet theorem in the space

Griffiths andHarris devoted the second section of their paper to extending the Poncelet
theorem to space. They wrote:

Following the Poncelet theorem in the plane, it seems natural to look for a poly-
hedra in P

3 which is inscribed in one surface and circumscribed about another.
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Fig. 15 Illustration of the Poncelet construction for a pair of quadrics S, S′, and in particular that, for any
T ∈ E , the intersection T ∩ (S ∪ S′) consists of two pair of lines which form a complete quadrilateral

At first glance, this does not seem to work, since there are in general∞1 tangent
planes to an algebraic surface passing through a point in space. However, upon
closer inspection it is possible to generate polyhedra from a pair of quadric sur-
faces, and the question of whether or not we obtain a finite figure turns out to
again repose on elementary properties of elliptic curves.

We now describe how this goes.
Let x = [x0, x1, x2, x3] be homogeneous coordinates in the complex projec-

tive space P
3, and let S be a non-singular quadric defined by Q(x, x) = 0. Let

[ξ0, ξ1, ξ2, ξ3] be homogeneous coordinates in the dual space (P3)∗, so the equation
of the dual quadric S∗ is Q−1(ξ, ξ) = 0, where Q−1 is the inverse matrix of Q; S∗ is
non-singular.

Griffiths and Harris considered another non-singular quadric S′ meeting S transver-
sally, i.e. such that the tangent spaces TP (S) and TP (S′) at any point P ∈ S ∩ S′ are
distinct, and put C = S ∩ S′, E = S∗ ∩ S′∗. C and E are both elliptic curve, and E
geometrically represents the set of planes simultaneously tangent to S and S′. Both
quadrics S and S′ contain two ∞1 disjoint families of lines, the A-lines and the B-
lines. The lines of a same family are skew, while two lines from different families meet
in a point. Through a line L in P

3, not on S, there pass exactly two tangent planes to
S, and any plane T containing a line of S is tangent to S along L .

At this point they described the analogue of the Poncelet construction relative to
the pair of quadric S, S′.

For any T ∈ E , the intersection T ∩ (S ∪ S′) consists of two pairs of lines, L A, L B

on S and L ′
A, L ′

B on S′, which form a complete quadrilateral (Fig. 15). The plane
T is tangent to S at P = L A ∩ L B and tangent to S′ at P ′ = L ′

A ∩ L ′
B . There

is another plane T̃ other than T passing through L A and tangent to S′; moreover,
this plane will be tangent to S somewhere along L A (Fig. 16a). It is important to
note that the line L ′

B meets L A = L̃ A in the same point as L̃ ′
A, so that when

flattened out the region delimited by bold sides form a configuration as shown in
Fig. 16b.

Griffiths and Harris set T̃ = i A(T ), so i A is an involution on E . Similarly, they
defined three other involutions iB, i ′A, i ′B on E . These involutions can be thought as
reflections of the four sides of the quadrilateral V W XY of Fig. 15. They observed
that beginning with a fixed bitangent plane T0 ∈ E the successive application of all
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T

T

LA
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LA = LA
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(b)(a)
Fig. 16 a Two planes through L A which are tangent to S′. b Region in bold sides represented in a after
flattened out

these reflections generates a polyhedral chain �(T0) = {T0, T1, . . . , Tk} which is
both inscribed (all vertices belong to E) and circumscribed about the pair of quadrics
S, S′. Moreover, the edges of �(T0) are lines lying alternately on S and S′. They
asked whether or not the polyhedral chain may be finite, i.e. when T2n = T0 for some
n.

In analogy with the Poncelet theorem, they stated the following.

Theorem G-H.1 For S and S′ smooth quadrics meeting transversally in P
3, there

exists a finite polyhedron both inscribing and circumscribing S and S′ if and only if
there exist infinitely many such.

To prove the theorem, Griffiths and Harris argued as follows. They observed that
the four involutions generate a subgroup G ⊂ Aut(E) of the automorphism group of
the Riemann surface E � C/�, and the question is whether or not the orbit G · {T0}
is finite. Since the three involutions can be written

i A(u) = −u + τ1, iB(u) = −u + τ2, i ′A(u) = −u + τ3, i ′B(u) = −u + τ4,

G · {T0} is finite exactly when all the differences

τi − τ j ∈ Q · �, (4.1)

i.e. are rational multiples of periods. Since the last condition is clearly independent of
the initial bitangent plane T0, they had proved the theorem.

Then Griffiths and Harris discussed the conditions on S and S′ that insure that the
polyhedron is finite. First, they proved that

i ′B ◦ iB ◦ i ′A ◦ i A = identity, (4.2)

or, which is the same,

τ1 + τ2 − τ3 − τ4 ∈ �, (4.3)
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which shows that actually (4.1) contains only two conditions. In fact, by (4.3) the (4.1)
can be replaced by τ1 − τ2 ∈ 1

m � and τ3 − τ4 ∈ 1
n �, m, n integers; or equivalently

(i A ◦ iB)m = identity, (4.4)

(i ′A ◦ i ′B)n = identity. (4.5)

They reduced the two quadrics to diagonal form

S = x20 + x21 + x22 + x23 = 0, S′ = β0x20 + β1x21 + β2x22 + β3x23 = 0,

and then they put P = [0, 0, 0, 1], H be the hyperplane x3 = 0, and took
π : P

3\{P} → H the projection from P onto H , which is given by π(x) =
[x0/x3, x1/x3, x2/x3]. Moreover, they set C = S ∩ H , so that C = x20 + x21 + x22 = 0,
and C ′ = π(S ∩ S′), which is given by (β0 −β3)x20 + (β1 −β3)x21 + (β2 −β3)x22 = 0.

At this point, Griffiths and Harris supposed T0 be a fixed bitangent plane and
considered the sequence

T2n = (i ′B ◦ i ′A)nT0, T2n+1 = i ′A(i ′B ◦ i ′A)nT0.

Next, arguing geometrically, they showed that: condition (4.5) [resp. 4.4] holds true
for some m (resp. n) if and only if the plane conics

2∑
i=0

βi x2i = 0,
2∑

i=0

(β1 − β3)x2i = 0,

(resp.
∑2

i=0 x2i = 0,
∑2

i=0(β1 −β3)x2i = 0) satisfy the classical Poncelet theorem. In
particular, each of the above conditions is satisfied on a countable union of algebraic
surfaces in the parameter space P

3(β) for pairs of quadrics. They also proved that
conditions (4.5) and (4.4) are not mutually exclusive.

Finally, Griffiths and Harris considered a general pair of conics

C =
2∑

i=0

x2i = 0, C ′ =
2∑

i=0

αi x2i = 0,

in a plane H ⊂ P
3 and showed that two quadrics S and S′ can be found such that

C = S ∩ H and C ′ = π(S ∩ S′). Then, if C and C ′ are chosen so that the Poncelet
condition is satisfied, and the quadrics S and S′ are consequently chosen, also (4.5)
and (4.4) are satisfied. Therefore (p. 159) the following theorem holds true.

Theorem G-H.2 The pairs of smooth quadrics meeting transversally in P
3, and that

satisfy the Poncelet conditions of having a finite polyhedron both inscribed in and
circumscribed about the pair of surfaces, form a dense countable union of algebraic
curves among all pairs of quadrics.
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4.2 The geometrical meaning of Cayley’s conditions

In their paper (1977, p. 146), Griffiths and Harris claimed that it seemed difficult to
write down an explicit condition on the two conics that allows the existence of an inter-
scribed polygon (Griffiths and Harris 1977, p. 146). Nevertheless, while the paper was
being printed, Marcel Berger called their attention to two papers by Cayley that he
had found extensively discussed in Lebesgue’s Les coniques of 1942 [see the footnote
at p. 160, and (Griffiths and Harris 1978a, p. 32)]. Cayley’s two papers (1853b, 1861)
convinced them immediately to reconsider the above question.

It is clear that Griffiths and Harris were not aware of the literature on that topic,
except for Jacobi’s (1828).

In their paper (1978a), they gave an algebraic-geometric derivation of Cayley’s
explicit conditions that also explains the geometrical meaning of those formulae.
Before we begin to examine how Griffiths and Harris proceeded, it will be useful
to briefly recall the concept of a “hyper-flex”, or “generalized Weierstrass point”,
referring to a curve embedded in a projective space.17

A hyper-flex of a smooth curve C of degree n in the projective space P
r is a point

P0 ∈ C such that there exists a hyperplane H ⊂ P
r having with C a contact of

multiplicity >r at P0. If the curve C is embedded in P
r via the morphism given by the

functions f0, f1, . . . , fr , the hyper-flexes are characterized as those points satisfying
the Wronskian equation

W ( f0, f1, . . . , fr ) := det

⎛
⎜⎜⎜⎝

f0 f1 · · · fr

f ′
0 f ′

1 · · · f ′
r

...
...

...

f (r−1)
0 f (r−1)

1 · · · f (r−1)
r

⎞
⎟⎟⎟⎠ = 0.

The Wronskian was introduced in the study of these kind of questions by Hurwitz,
in his seminal work (Hurwitz 1893), where he considered the case of the “ordinary
Weierstrass points”, i.e. hyper-flexes of the “canonical model” (of a non-hyperelliptic
curve), which is a curve of degree 2g − 2 in C in P

g−1, g being the genus of C.
In the early 1960s,many questions that Hurwitz had left open triggered interest once

more, and several mathematicians tackled them in the framework of modern algebraic,
or analytic, geometry. We recall the innovative lectures on Riemann surfaces given by
R.C. Gunning at Princeton (Gunning 1966), and the memoir (Galbura 1974), in which
the author, by extending the Wronskian method to the classical case of hyper-flexes
discussed in (Segre 1894), showed that the number of hyper-flexes is (r+1)(n+rg−r),
counting multiplicity.

In the first section of their paper, Griffiths and Harris recalled some facts about
elliptic curves that we now summarize.

17 For an extended historical account on the concept of Weierstrass point and their impact in the study of
algebraic curves, see Del Centina (2008).
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An elliptic curve E0 admits various realizations as an algebraic curve: for instance,
as a plane smooth cubic, or the smooth intersection of two quadrics in P

3, etc.
Moreover, from the complex analytic point of view, E0 can be seen as a torus
C/�, obtaining by factoring the complex plane by a rank 2 lattice �, with the
origin projecting onto the point o. It is clear from here that E0 has an additive
group structure with o as zero. A point P ∈ E0 is called of order n, if n P = o;
so u0 ∈ C projects onto P ∈ E0 of order n if and only if nu0 ≡ 0 (mod�);
therefore there are n2 points of order n on E0 corresponding to the points of
�/n.

By the classical theorem of Abel, it follows that the vector space L(no) of rational
(meromorphic) functions on E0 having a pole of order at most n at o, or, which is
the same, the space of elliptic functions with respect to � having a pole of order at
most n in u = 0, has dimension n. If n ≥ 3, and f1, . . . , fn is a basis for L(no),
the map F(u) = [ f1(u), . . . , fn(u)], here u is the local coordinate on E0, induces
a projective embedding E → P

n−1, whose image is a smooth algebraic curve Ẽ
of degree n, which is called elliptic normal curve of degree n, or normal model of
degree n of E0. Therefore it follows that the points of order n of E0 clearly correspond
to the hyper-flexes of its normal model Ẽ , and thus the condition for p ∈ E0 to
be a point of order n, is WF (u) = 0, where WF is the Wronskian of the functions
( f1, . . . , fn).

At this point,Griffiths andHarris observed that the locus of pointswhereWF (u) = 0
is independent of the selected basis of L(no), and on the choice of the local coordinate
u. Hence, to see whether or not a point p of E0 is of order n, it is convenient to choose
a suitable basis for L(no).

They chose a basis (1, f (u)) of L(2o) such that f (p) = 0. The function
f indices a morphism E0 → P

1 with p ∈ f −1(0). This morphism expresses
E0 as double covering branched at four points, one of which is the point at
infinity with f −1(∞) = o. If x is the coordinate on C, and a, b, c the finite
branch points, then E0 is conformally equivalent to the Riemann surface of the
algebraic function y(x) := √

(x − a)(x − b)(x − c), i.e. to the projective clo-
sure of the plane affine curve of equation y2 = (x − a)(x − b)(x − c), which
gives a projective model of E0. Setting x = f (u), since the differential du
is a constant multiple of dx/y (E0 has genus 1), with a suitable normaliza-
tion one has 2y = f ′(u) = d f (u)/du. Consequently, the above projective
model of E0 is given by the morphism E0 → P

2 associated with the basis
(1, f, f ′) of L(3o). Of course, f and f are essentially the Weierstrass ℘ and
℘′. Returning to the question if p ∈ f −1(0) is a point of order n, Griffiths
and Harris used x = f (u) as local coordinate around p and chose the func-
tions

1, x, . . . , xm; y, xy, . . . , xm−1y; when n = 2m + 1
1, x, . . . , xm; y, xy, . . . , xm−2y; when n = 2m

as basis for L(no). Then, in case n = 2m +1, it is easy readily seen that the vanishing
of W is equivalent to the condition
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∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

dm+1y
dxm+1

dm+1(xy)

dxm+1 · · · dm+1(xm−1y)

dxm+1

dm+2 y
dxm+2

dm+2(xy)

dxm+2 · · · dm+2(xm−1y)

dxm+2

...
... · · · ...

d2m y
dx2m

d2m (xy)

dx2m · · · d2m (xm−1y)

dx2m

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

= 0.

Now, if y(x) =∑∞
k=o Ak xk is the power series expansion of the function y(x), then

the previous condition becomes

∣∣∣∣∣∣∣∣∣

(m + 1)!Am+1 (m + 1)!Am . . . (m + 1)!A2
(m + 2)!Am+2 (m + 2)!Am+1 . . . (m + 2)!A3

...
... . . .

...

(2m)!A2m (2m)!A2m−1 . . . (2m)!Am+1

∣∣∣∣∣∣∣∣∣
= 0,

which is equivalent to

∣∣∣∣∣∣∣∣∣

A2 A3 . . . Am+1
A3 A4 . . . Am+2
...

... . . .
...

Am+1 Am+2 . . . A2m

∣∣∣∣∣∣∣∣∣
= 0. (4.6)

For n = 2m, proceeding in the same way, one obtains the condition

∣∣∣∣∣∣∣∣∣

A3 A4 . . . Am+1
A4 A5 . . . Am+2
...

... . . .
...

Am+1 Am+2 . . . A2m

∣∣∣∣∣∣∣∣∣
= 0. (4.7)

Summing up, they had proved the following:

Proposition 1 Let E be an elliptic curve with origin o and p ∈ E a given point. Then p
is of order n if and only if the following condition is satisfied: choose rational functions
x, y on E having poles of respective orders 2, 3 at o and no others singularities, and
with x(p) = 0, then there is an equation y2 = (x − a)(x − b)(x − c), where a, b, c
are distinct constants �= 0, so that written y =∑∞

k=0 ak xk , (4.6), or (4.7), holds true
according if n = 2m + 1, or n = 2m.

At this point, to complete the story, Griffiths and Harris had only to show that
the elliptic curve E , defined in subsection 4.1, and the Cayley cubic are birationally
equivalent. To show this, they considered two conics C and D, meeting in four distinct
points x0, x1, x2, x3, denoted by D∗ the dual conic of D, defined

E = {(x, ξ) ∈ C × D∗ : x ∈ ξ},
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(b)(a)
Fig. 17 a Representation of the action of the involutions i and i ′ on E = {(x, ξ) ∈ C × D∗ : x ∈ ξ}.
b The origin (x0, ξ0) of E (as an elliptic curve), and the point p = (x, ξ) on E for which x is the second
intersection of ξ0 with C and ξ is the other tangent to D from x

and the pair of involutions i(x, ξ) = (x ′, ξ), i ′(x, ξ) = (x, ξ ′), where x, x ′, ξ and
ξ ′ are as in Fig. 17a. The map (x, ξ) → x represents E → C as a double covering
branched at the points xi , i = 0, . . . , 3, and the involution i ′ interchanges the sheets of
thismap. Similarly, i interchanges the sheets of themap E → D∗ given by (x, ξ) → ξ ,
whose branch points are the four common tangents to C and D. Then, as in their paper
of 1977, they considered the composition j = i ′ ◦ i , which gives j (x, ξ) = (x ′, ξ ′′)
(Fig. 17a). It is clear that the Poncelet construction with initial data q = (x, ξ) leads
to a closed polygon of n sides if and only if jn(q) = q.

At this point, Griffiths and Harris chose o = (x0, ξ0) as the origin on E , and let
p = (x, ξ), where x is the second intersection of ξ0 withC and ξ is the other tangent to
D from x (Fig. 17b). They observed that i(x0, ξ0) = (x, ξ0), and i ′(x,ξ0) = (x0, ξ0).
The involutions i and i ′ induce two automorphisms on C, the universal covering of
E = C/�: ĩ(u) = −u + τ , and ĩ ′(u) = −u + τ ′, and they showed that, since
i ′(o) = o, it follows that ĩ(u) ≡ (−u − w)(mod�) and ĩ ′(u) ≡ −u(mod�). Thus
j (u) ≡ (u+w)(mod�), and this means that jn(q) = q if and only if nw ≡ 0(mod�).
Now, since j (o) = p and j̃(0) = w, they concluded that:

There exists a closed polygon of n sides with initial data q = (x, ξ) ∈ E if and
only if np = o on E .

Finally, Griffiths and Harris considered the determinant det(tC(x)+ D(x)), which
is a cubic polynomial in t with three nonzero roots t1, t2, t3. The Cayley cubic is a
double covering of P

1 ramified at the points corresponding to t1, t2, t3 and t = ∞.
For t �= ti , the tangent ξt to Dt at x0 meets C in the point xt other than x0. It is easily
seen that the morphism defined by t → xt prolongs over the points t1, t2, t3, which
are mapped into x1, x2, x3 (in a suitable order). Moreover, since D∞ = C , t = ∞ is
mapped to x0, and clearly to t = 0 corresponds x . Hence the following holds true.
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Proposition 2 The elliptic curve E is birationally equivalent to the Riemann surface of
the algebraic curve

√
det(tC + D) with the origin at t = ∞, and the point p = (x, ξ)

corresponding to one of the two points over t = 0.

Weobserve that in the construction above a similaritywith the elliptic representation
given by Halphen can be recognized.

Griffiths and Harris did no tackle the cases in which the conics C and D are some-
where tangent. These cases, in which the curve E becomes singular, were analysed
by Bos et al. (1987, sections 7.14–17).

5 The number of n-related conics in a pencil

If there exists a polygon of n sides which is inscribed in the conic D and circumscribed
about the conic C , then the conic C is said n-inscribed into D, while the conic D is
said n-circumscribed about C . Wolf Barth and J. Michel in their joint paper (1993)
computed the following numbers for a general pencil of conics F(λ,μ) = μC + λD:

(a) the number of conic C in F(λ,μ) which are n-inscribed into a fixed conic D in
this pencil;

(b) the number of conic D in F(λ,μ) which are n-circumscribed into a fixed conic C
in this pencil;

(c) the number of projective equivalence classes of pairs of conics C, D in general
position, such that C is n-inscribed into D and D is n-circumscribed about C .

If m divides n, a m-gon inter-scribed to C and D is not considered a special kind
of inter-scribed n-gon.

We will see that, in answering the questions above, Barth and Michel perfected and
completed the work of Halphen and Gerbaldi.18

5.1 The elliptic surface associated with F(λ,μ)

Let F(λ,μ) a general pencil of conics in the complex projective plane P
2, i.e. the

pencil has four base points. Denote them P0, P1, P2, P3, so homogeneous coordinates
(x0, x1, x2) in P

2 can be chosen so that

P0 = (1, 1, 1), P1 = (−1, 1, 1), P2 = (1,−1, 1), P3 = (1, 1,−1).

Then the pencil consists of the conics

λx20 + μx21 − (λ + μ)x22 = 0.

There are three singular conics in the pencil, which split into pairs of lines Lk, L ′
k ,

k = 1, 2, 3. In each pair, let Lk be the line passing through P0. Clearly any conic

18 The two authors were not aware of Halphen (1888) or Gerbaldi (1919), see Barth and Bauer (1996).
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of the pencil is invariant under the group of projective transformations generated by
changing the sign of the coordinates: (x0, x1, x2) → (±x0,±x1,±x2).

Let denote by E(λ,μ) the double cover of the conic C(λ,μ) ∈ F(λ,μ) branched over
the four points P0, P1, P2, P3. This is a smooth curve of genus 1. By distinguishing
the point over P0 as origin of E(λ,μ), this is an elliptic curve, and the points over
P1, P2, P3 are its three non-trivial half-period.

Now fix a smooth conic C in the pencil and denote by γ : P
1 × P

1 → P
2 the

double cover of the plane with branch locus C . Then γ −1(C(λ,μ)) is isomorphic to

the elliptic curve E(λ,μ), for all C(λ,μ) �= C . Denote by σ : P̃
2 → P

2 the blow-up
of the plane at the four points P0, P1, P2, P3, with Ek = σ−1Pk the exceptional line
over Pk , k = 0, 1, 2, 3. The pullback γ̃ : Y → P̃

2 is a double cover branched over
C̃ + E0 + · · · + E3, the total transform of C under σ . The surface Y has four double
points over the four intersections C̃ ∩ Ek .

Let τ1 : X → Y be the minimal desingularization of Y , and let τ2 : Y → P
1 × P

1

so that γ̃ ◦ σ = τ2 ◦ γ .
The pencil C(λ,μ) lifts to P̃

2 as a base point free pencil of conics, and the rational
surface X is an elliptic fibration, with fibre F(λ,μ) overC(λ,μ). These fibres are: smooth
and isomorphic to E(λ,μ) if C(λ,μ) is smooth and different from C ; if C(λ,μ) = C , the
central fibre lies over C and the four other components C0, . . . , C3 are the −2-curves
resolving the double points of Y ; or ifC(λ,μ) is one of the three singular conics Lk ∪L ′

k ,
the fibres are Dk ∪ D′

k with Dk over Lk .
The elliptic fibration C(λ,μ) admits four sections S0, . . . , S3 lying over the excep-

tional lines, which map to P
2 over the base points P0, P1, P2, P3. The fibre S0 cuts

each smooth fibre F(λ,μ) at the point over P0 that has been taken as origin of the elliptic
curve F(λ,μ). So S0 is the zero section. The other three sections S1, . . . , S3 meet the
smooth fibres F(λ,μ) in the other three branch points of the covering F(λ,μ) → C(λ,μ).
So these are two-torsion sections.

Having specified a zero section S0 for X , one may talk about the points of order n
on each smooth fibre F(λ,μ).

On X there is a closed algebraic curve Tn for each n ∈ N, defined by the two
properties:

1. on each smooth fibre Tn cuts out the n2 points of order n,
2. Tn does not contain any fibre components.

The curve Tn contains the zero section S0, and for n even it also contains S1, . . . , S3.
These two-torsion sections Si do not meet other components of Tn on smooth fibres
F(λ,μ) nor do they meet in smooth points of singular fibres. In particular, the sections
Si form connected components of the curve Tn .

One can define

�n :=
{

Tn\S0, for n odd,
Tn\(S0 ∪ · · · ∪ S3), for n even.

Let �n be the image of the curve �n in P
2.
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Using stable reduction from (Barth et al. 1984, III, 10), Barth and Michel (pp. 29–
31) were able to find several properties of the curve �n ; in particular, they found the
following intersection numbers:

(�n · Dk) = (�n · D′
k) = 1

2
(n2 − 1), n odd,

(�n · Dk) = (�n · D′
k) = 1

2
(n2 − 4), n even.

Barth and Michel defined �′
n ⊂ �n the closure of the set of those points, which on

their fibre are primitive n-torsion points.

5.2 The plane curves �n and �′
n

Let �n and �′
n , be, respectively, the image into P

2 under the map γ ◦ τ2 ◦ τ1 of the
curves �n and �′

n .
Since the curve �n does not meet the curves Ci , i = 0, . . . , 3 (see Barth and

Michel 1993, 2.1), it follows that the curve �n does not pass through the base points
P0, P1, P2, P3, so�n meets the smooth conics C(λ,μ) in (n2 −1)/2 points, if n is odd,
and in n2/2 − 1 points if n is even. This gives the degree

deg(�n) =
{

(n2 − 1)/4, if n is odd,
n2/4 − 1, if n is even.

Denoted by gn = 0 the equation of �n , Barth and Michel in section 4 of their
paper proved the following: for all n > 2 the polynomial gn is symmetric with respect
the three coordinates, and if n is even gn is a symmetric polynomial in the squares
x20 , x21 , x22 , or such a polynomial times x0x1x2 (of course in this case gn has odd
degree).

To show this, they argued as follows.
Let�4 ⊂ PGL(2, C) be the symmetric group generated by permutations of the four

base points Pk = (±1,±1,±1). It contains the subgroup Z2 × Z2 : (x0, x1, x2) →
(±x0,±x1,±x2). The stabilizer of P0 is a copy of�3, the symmetric group permuting
the three base points P1, P2, P3.

The elliptic curve Fλ,μ depends only on the position of the base points on the conic
Cλ,μ, and not on the choice of the conic C . The same holds for the intersection of
�n with C(λ,μ). Any element φ ∈ �3 maps the images of torsion points over C(λ,μ)

to those on φ(C(λ,μ)). This implies φ(�n) = �n . Therefore each element in �3
multiplies the polynomial by±1, but the multiplication by−1 is not admitted because
it would imply that �n passes through P0. If n is even, the n-torsion subgroup on the
elliptic curve is unchanged when the origin is replaced by a non-trivial element of
order two. Addition by one of the three non-trivial two-torsion sections S1, S2 or S3
induces on P2 an involution (x0, x1, x2) → (x0,±x1,±x2). This symmetry has the
effect of multiplying the equation gn by ±1. For +1, gn is a polynomial in the squares
x20 , x21 , x22 ; for −1, gn is a sum of expressions
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xa
0 xb

1 xc
2 + xb

0 xc
1xa

2 + xc
0xa

1 xb
2 + xa

0 xc
1xb

2 + xc
0xb

1 xa
2 + xb

0 xa
1 xc

2

with odd exponents a, b, c.
It is easy to determine the equation of �4. The four-torsion points on Fλ,μ having

as squares the intersection points Fλ,μ ∩ Sm , m = 1, 2, 3, are exactly those points that
under addition with Sm go to their inverses. Their images in P2 are the fixed points of
the involution belonging to Sm , i.e. the coordinate lines. Therefore

�4 : x0x1x2 = 0.

For n �= 4, it is not so easy to find the equation of �n . By a detailed analysis
involving the singular fibres Dk + D′

k , the branch of �n , mixed with Cremona trans-
formations of �n , Barth and Michel were able to find the equation of �n , and the
equation g′

n of �′
n , for some value of n. Precisely with

s1 = x0 + x1 + x2, s2 = x0x1 + x1x2 + x2x0, s3 = x0x1x2,

σ1 = x20 + x21 + x22 , σ2 = x20 x21 + x20 x22 + x21 x22 , σ3 = x20 x21 x22 ,

they found (g′
n denotes the equation of �′

n):

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

g3 = s2,
g4 = s3,
g5 = −4s1s2s3 + s32 + 4s23 ,

g6 = σ 2
2 − 4σ1σ3

g′
6 =∏(s2 − xk xk+1)

g7 = −4s1s42s3 + 16s1s2s33 + s62 + 4s32s23 − 16s43 ,

g8 = s3(−4σ1σ2σ3 + σ 3
2 + 8σ 2

3 ),

g′
8 = (x20 x21 + x20 x22 − x21 x22 )(x20 x21 − x20 x22 + x21 x22 )(−x20 x21 + x20 x22 + x21 x22 ),

...

5.3 The geometrical meaning of the double cover F(λ,μ) → C(λ,μ)

We follow Barth andMichel (1993, section 5). The double cover E(λ,μ) → C(λ,μ) has
a geometrical interpretation in the plane P

2. One can fix a smooth conic C �= C(λ,μ)

in the pencil and consider pairs x, L , where x ∈ C(λ,μ), and L is a tangent line to
C through the point x . Since the general point x ∈ C(λ,μ) admits two tangents to C ,
the projection (x, L) → x is a double cover of C(λ,μ), branched precisely over the
points P0, P1, P2, P3, because at these points the two tangents to C coincide. These
pairs (x, L) ∈ C(λ,μ) ×C∗ � P

1 ×P
1 form a smooth elliptic curve of bidegree (2, 2),

if both conics C(λ,μ) and C are smooth. So this double cover of C(λ,μ) is an elliptic
curve isomorphic to E(λ,μ). Poncelet’s closure theorem was then easily proved using
this curve by Griffiths and Harris (1978a).
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To each pair (x, L) ∈ E(λ,μ) can be associated another such pair (x ′, L ′) where x ′
is the second intersection of L with the conic C(λ,μ), and L ′ is the second tangent to
C through x ′. One may check that the map (x, L) → (x ′, L ′) has no fixed points on
the elliptic curve E(λ,μ); hence it is a translation of this curve. If there is a Poncelet
n-gon inscribed in C(λ,μ) and circumscribed about C , then this translation is of order
n. In this case, its application to an arbitrary pair (x, L) yields a Poncelet n-gon.

The curve E(λ,μ) is endowed with an origin, the point over P0. The Poncelet trans-
lation described above maps this point to the pair (P, T ), where T := TP0(C) is the
tangent to C at P0 is the control point P := T ∩ C(λ,μ) is the second intersection of
this conic with T . Clearly, the Poncelet translation is n-torsion if and only if the point
(P, T ) on E(λ,μ) is n-torsion, i.e. if and only if the control point P belongs to �n .

“This is the essential new, however, easy observation of our paper.” Barth and
Michel affirmed (p. 44):

A smooth curve C in the pencil is n-inscribed into the smooth conic D from the
same pencil if and only if the control point P belongs to �n .

If “n-torsion” means primitive n-torsion, i.e. is n-torsion but not m-torsion for any
m|n, the curve �n should be replaced by �′

n , where all curves �m , m|n, are removed.
If one fixesC in the pencil (see p. 46), then the intersections x of�n with the tangent

T to C at P0 determine all the conics C(λ,μ) in the pencil which are n-circumscribed
about C . As �n does not pass through the point P0, the general line T through this
point does not touch�n in its points of intersection with this curves. Then T intersects
�′

n in precisely c(n) points.
This shows

Theorem 1 Let C(λ,μ) = λC + μγ = 0 be a pencil of conics in the plane, with four
distinct base points. For the general conic C in this pencil, there are c(n) different
conics in the pencil which are n-circumscribed about C.

Since �n does not pass through any of the four base points, the general conic in
the pencil does not touch �n in its points of intersection with this curve: the lines T
connecting such a point with the origin P0 are all distinct and therefore tangent to as
many distinct conics in the pencil.

This proves

Theorem 2 Let C(λ,μ) = λC + μγ = 0 be a pencil of conics a the plane, with fur
distinct base points. For the general conic C(λ,μ) in this pencil, there are precisely
2c(n) different conics in the pencil which are n-inscribed in C(λ,μ).

Finally, Barth and Michel considered the case of simultaneously inscribed and
circumscribed conics. Here we only transcribe their result:

Theorem 3 Each smooth conic C in the complex projective plane is (up to projective
equivalence) simultaneously n-inscribed into and m-circumscribed about

{
2 if m = n = 3,
≤ 1

3c(n)c(m) if m or n > 3

conics D (meeting C in four distinct points), where c(n) := 1
4T (n).
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6 Conclusions

Two questions are fundamental in the historiography of mathematics: how ideas and
methods of earlier authors have influenced later authors, and how recent ideas and
methods can be legitimately recognized in earlier mathematical works. These are
difficult questions that historians and the mathematicians are often called to confront.
On the one side, the historians may tend to stress the differences between the earlier
and the later versions of mathematical theories; on the other, the mathematicians may
want to bring out similarities.

Clearly, conclusions will be personal to some degree. However, since “personal”
is not to be inferred as merely a question of taste, we have thought to be useful in the
present case to specify and clarify, as much as possible, both the differences and the
similarities among the results of the main contributors, focusing on the theorems they
proved, the extent of their validity, and the tools they used for the proofs.

Although he did not prove it thoroughly, Chapple was clearly aware that for two
circles, one inside the other and of radii r , R, to admit an inter-scribed triangle it is
necessary that the distancea between their centres satisfies the equationa2 = R2−2Rr
(see (1.1, I)).19 He also knew that, in this case, infinitely many such triangles exist.
There is no doubt that, despite the many failures in his proofs and logic, Chapple
grasped some fundamental aspects of the problem.

Landen proved the closure theorem for triangles inter-scribed to two, nowhere
tangent, circles in any position. He was the only one who might have benefitted from
Chapple’s work. Very likely he read it, and we cannot rule out that this could have
led Landen to deal with the problem, but his approach followed completely different
routes. It seems that Landen was the first to be clear, albeit to a limited extent, about
the projective nature of the problem when he considers the orthographic projection of
circles into ellipses. With the expression T 2−t2

2T for the transversal axis, he extended
(1.1, I) to two ellipses in particular positions.

Neither Euler, nor Fuss, perceived Poncelet’s closure theorem, even in its simplest
formulation, i.e. for triangles and circles one inside the other. On the contrary, we can
state that this case of the theorem was known to the editors, and some reader, of the
Annales de Gergonne around 1810. That year, Lhuilier gave a clear enunciation of the
theorem

It is probable that JacobSteiner knewof the closure theoremdirectly fromPoncelet’s
treatise (1822).

Poncelet was certainly among the readers of Gergonne’s Annales, and it is likely
that he had started to think about inter-scribed polygons to two conics even before his
departure for the Russian campaign in 1812. As a student of the École Polytechnique,
he was in the best position to take advantage of the method of central projection
introduced by Brianchon in 1810, as well as of the already circulating principle of
continuity. His vision of geometry, vastly more advanced than others, led him beyond
the specific problem for circles and triangles: he announced theorems for (real) conics
in any mutual position and inter-scribed polygons of any number of sides. As we have

19 Here and in the following, section or formula towhichwe refer by x .y, I or by x .y, II, appears respectively
in the first or second part of the article.
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seen, he started by proving his theorems for circles, and then he used projection and
the “criticized” principle of continuity in order to affirm them for conics.

He did not obtain the proof of the closure theorem directly, but through the general
theorem that he had proven by induction. In the proof, as we have seen in subsections
2.3, I and 2.4, I, for the first step of induction he needed the “main lemma”: given three
circles (C), (C ′), and (C ′′) from the same pencil, the third side of a triangle inscribed
in (C), whose other two sides are tangent, respectively, to (C ′) and (C ′′), envelopes a
circle from the same pencil.

Then Poncelet proved the closure theorem by showing that, in case of closure of
a transversal, which is inscribed in (C) and all but one of whose sides are tangent to
(C ′), the curve enveloped by the last side necessarily coincides with (C ′).

We have seen that there are failures in some of the arguments used in the proofs,
but, as it is shown in Bos et al. (1987), nothing that could not be remedied by modern
techniques.

Jacobi was induced by Steiner to study the question of the existence of inter-scribed
polygons to two circles. He was not interested in developing “projective geometry”,
but rather in applying the theory of elliptic functions to show its usefulness in solving
specific problems: he titled his paper “About how to use the elliptic transcendentals in
a known problem of elementary geometry”.

Jacobi considered circles without real intersections, one inside the other. He did
not need the general theorem to prove the closure theorem, because he deduced both
theorems directly by applying the addition formulae for the elliptic function amplitude,
developed in the first volume of Legendre’s treatise. Jacobi’s proof of the general
theorem was not by induction but direct, so he did not need to prove separately the
main lemma as Poncelet had done. In particular, the curve enveloped by the last side of
the inter-scribed transversal occurred in the proof of the general theorem, but not in the
proof of the closure theorem.Moreover, Jacobi proved this last theoremby determining
a necessary and sufficient condition, expressed by the formula (3.4, I), for the closure
of an inter-scribed transversal in n steps. He obtained the closure theorem by simply
observing that (3.4, I) was independent of the initial point of the polygonal line. This
represented a great novelty with respect to Poncelet’s approach, who had not seemed
very interested in finding such a condition.

At the end of his paper, Jacobi mentioned projection as a means for generalizing the
closure theorem to conics, but, since he did not completely rely on Poncelet’s principle
of continuity, he did not admit the theorem had been proved in general, and left to
others the task of tackling the question directly for conics.

In his proof, Jacobi used the elliptic function amplitude, but there is no evidence
that he had recognized in any way the presence of an “elliptic curve” in the analytical
and geometrical objects he had been considering. Nevertheless, his approach to Pon-
celet’s porism certainly opened the way towards understanding the “elliptic nature”
of the problem.

Trudi and Cayley, simultaneously but independently, answered the question left
open by Jacobi with their papers of 1853 by tackling the proof of the closure theorem
directly for conics. The former, used Euler’s differential equation (4.8, I), and the
algebraicity of its complete integral (4.9, I); the latter, used the geometrical aspect of
the Abel addition theorem, expressed by formulae (5.3, I) and (5.5, I). Although the
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two methods may seem completely different, both descend, in this case, from Euler’s
addition theorem for elliptic integrals of the first kind. Nevertheless, Trudi worked
with real objects, much in the spirit of Jacobi, while Cayley studied the question in the
complex plane, even if he did not say so explicitly. In fact, the former considered “the
real angle” and u = tan Û Ox as parameters for a point on a conic, and the latter put one
of the two conics in the form x2+y2+z2 = 0,which clearly has only imaginary points.

In his proof of the closure theorem, Trudi had no need of the general theorem,
because he proved the theorem directly, via the determination of the curve enveloped
by the free side of a polygon inscribed in one conic, and whose sides, all but one, are
tangent to another conic.

Cayley, without explicitly stating it, proved the general theorem when he found
the condition �(k1) + · · · + �(kn) = 0 for a polygon, inscribed in a conic V , to be
circumscribed about the conics Uk1 , . . . , Ukn all belonging to a same pencil with V .
Then, he obtained the closure theorem by putting k1 = · · · = kn = 0.

Trudi expressed the necessary and sufficient condition for two conics to admit an
inter-scribed n-gon by (4.13, I), and the system (4.14, I). These are less explicit than
Cayley’s conditions (5.6, I) and (5.7, I), but the two formulations are in fact equivalent
and lead to the same results.

Neither Trudi, nor Cayley posed the problem of determining the geometrical mean-
ing of the conditions they found.

Although Trudi was not aware of it, his method revealed the deep connection
between the Poncelet closure theorem and the symmetric (2, 2)-correspondences.

Cayley, by using the plane cubic y2 − �x = 0, for the first time made explicit the
existence of an elliptic curve intrinsic to the problem.

Salmon approached the closure theorem in a completely algebraic way. He used
the theory of invariants and covariants of a pair of conics, constructing his proof of the
determination of the locus of the free vertex of a polygon whose sides touch a conic
U and whose vertices, all but one, move on another conic V—a construction dual to
that of Trudi. The covariant F , whose vanishing defines the conic passing through
the eight points of contact of the four common tangents to U and V , played a central
role in the proof. Proceeding by induction, by means of intermediate triangles in a
way similar to Poncelet, he obtained a recursive procedure to determine the required
conditional equation expressed in terms of the invariants of U, V . He wrote these
conditions explicitly only for n up to 8. So the method of Trudi and Salmon revealed
less explicitly than that of Cayley, which was based on the development in power
series of

√
�x .

The deep connection between the Poncelet closure theorem and the (2, 2)-
correspondences was disclosed by Cayley in his paper (Cayley 1871a). He remarked
how (2, 2)-correspondences follow at once from the consideration of Euler’s differ-
ential equations and its complete integral, as Trudi’s method had suggested. Eight
years from the publication of Cayley’s paper, Hurwitz, by a wise use of the principle
of correspondence, clearly revealed how (2, 2)-correspondences were linked to many
closure theorems.

With the equation �(k) = �/n, Cayley again showed the relevance of the nth
parts of periods so that an inter-scribed n-gon may exist. This means considering
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the points of order n on the cubic y2 = √
�x , but Cayley did not make this coinci-

dence explicit. The presence of an elliptic curve was perhaps perceived by Hurwitz in
his paper (1879) when, considering the (2, 2)-correspondence defined by a Poncelet
transversal, he explained the connection between the four intersection points (or the
four common tangents) of the two conics, and the four (trivial) coincidence points
of the correspondence. Nevertheless, nowhere in the papers by Cayley and by Hur-
witz, did they explicitly recognize the structure of an elliptic curve in the geometrical
problems they were studying.

In the last quarter of the nineteenth century, many outstanding mathematicians
were involved in research related to Poncelet’s theorem, mainly in looking for new
and simpler proofs, and in extending some of the theorems from the plane into space.
For the extent and originality of their results, two names rise over the others: Darboux
and Halphen.

Darboux obtained his main results on the Poncelet theorems and their generaliza-
tions around 1870, but he was working on these topics for the following 50years,
re-elaborating and perfecting the results previously achieved, as it is shown in his
treatise of 1917. Darboux’s approach, following that of Poncelet in spirit, was mainly
geometric and avoided the use of elliptic functions as much as possible.

Darboux worked with curves in the complex projective plane. His main, and
original, tool for studying in-and-circumscribed polygons was the new system of coor-
dinates (ρ, ρ′), which turned out to be very appropriate in dealing with such problems.
In fact, the use of these coordinates allowed him to prove the key theorem D2: if a
curve of degree n contains the vertices of a (n + 1)-gon whose sides are all tangent to
a given conic, then it contains the vertices of infinitely many such (n + 1)-gons. He
proved the theorem by showing that such a curve can be put in the form (9.14, I) which
contains an arbitrary constant. Darboux demonstrated the Poncelet closure theorem as
a corollary of theorem D2, via the complete decomposition of the Poncelet–Darboux
curves. His proof allowed him to highlight the nice property of the inter-scribed poly-
gons to two conics, stated in the corollary to theorem D4. He also gave a proof of the
general Poncelet theorem, by using (2, 2)-correspondences and Euler’s differential
equation similar to Trudi.

Darboux seemed uninterested in finding the conditional equations for the existence
of inter-scribed polygons.

Halphen, on the contrary, made extensive use of the theory of elliptic functions,
developed in terms of the Weierstrass ℘ and σ functions, and in particular of the
theory of multiplication of the argument. For the first time, the elliptic curves entered
explicitly in the “elliptic representation” of points of the plane, themost original feature
of Halphen’s approach to the Poncelet porism.

Halphen considered the double cover of each conic in a given pencil, branched
at the four distinct base points. All these are curves of genus one, and the choice of
the base points α0 makes them elliptic curves with the “zero element” in the point
over α0. It would seem that, although naively, he conceived the plane covered 2:1 by
a rational elliptic surface, thus anticipating (Barth and Michel 1993). Moreover, in
the study of the Poncelet closure theorem, Halphen used the group law on an elliptic
curve, and then the points of order n on it. In particular, this approach allowed him to
tackle the question of counting the conics of a pencil which are n-inscribed in another
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conic of the same pencil: an essentially new and difficult problem in the panorama
of Poncelet’s polygons. As we have seen, after more than a century, a solution to this
problem was obtained by Barth and Michel, unaware of Halphen’s work, in (1993).

Halphen also introduced the development in continued fractions of
√

X , where X
is a polynomial of degree 3 or 4, in order to get another proof of the closure theorem.
This approach inspired Gerbaldi, who, in a purely algebraic setting, based on his
fundamental theorem G1, not only gave new proofs of the Poncelet theorems that
avoid the use of elliptic functions, but also computed the bidegree of the covariant,
whose vanishing guarantees the existence of an inter-scribed n-gon to the two given
conics. With this last result, Gerbaldi completed the study initiated by Rosanes and
Pasch in 1869, and also, although indirectly, answered the enumerative problem posed
by Halphen. The formulae of Gerbaldi for n-inscribed, or n-circumscribed conics in
a pencil were rediscovered by Barth and Bauer in (1996).

The line followed by Lebesgue wasmuch closer to Poncelet’s geometrical style, but
100years had passed since the publication of Poncelet’s treatise and Lebesgue could
profit from the results of complex projective geometry, a science that had reached great
perfection in the intervening century. The key geometrical lemma that Lebesgue put
at the foundation of his method, i.e. lemma L in our presentation, is a perfect synthesis
of what we mean.

Lebesgue proved Poncelet’s general theorem by proceeding by induction on the
number of vertices of the inter-scribed polygon. In the proof of the first step of the
induction, i.e. the case of triangle, he used the lemma L, and then he obtained the
general case by considering intermediate triangles and iterating the application of that
lemma. Lebesgue stressed how the proof showed his lemma to be deeply connected
with Poncelet’s theorem.

Lebesgue rendered the elliptic curves “visible”, not abstractly as double covering
of conics branched over the four points U ∩ V , but as the loci of contact points of
the tangents to the conics of the pencil U + xV , drawn from a point of the plane. He
also established that all these curves are birationally isomorphic to the Cayley cubic
y2 − �x = 0.

Another original aspect of Lebesgue’s approach to the problem was the use of
Sylvester’s theory of residuation, instead of Abel’s theorem, or Euler’s differential
equation, as method of elimination.

Moreover, with theorem L2, he expressed the condition for the existence of a poly-
gon inscribed in a conic  and circumscribed about another conic 1, as a geometric
property of one of the representative points of the conic 1 on the Cayley cubic, and
re-obtained the Cayley formulae. This result can be seen as an anticipation of what
Griffiths and Harris brought to light more than 50years later, when they explained the
geometrical meaning of these last formulae.

The geometrical account of Lebesgue inspired to Todd a new “elementary” proof
of the Cayley conditions, within the theory of invariants of a pair of conics. Todd
substituted Abel’s theorem with Sylvester’s theory of residuation, so avoiding the use
of transcendental tools. He considered a n-gon inscribed in a conic S′, whose sides, all
except the last, are tangent to another conic S. He first found recursive formulae for
the parameter λn so that S +λn S′ is the envelope of the last side, and then he was able
to obtain explicit formula for λn , expressed in terms of (3.1, II), and (3.2, II), i.e. the
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first members of the Cayley equations. Hence, from λn = 0, he deduced the Cayley
conditions. It is evident that Todd pushed Salmon’s approach forward.

After Todd published his paper in 1948, Poncelet’s porisms seemed to be forgotten.
In 1976, Griffiths again attracted the interest of mathematicians in this subject with
his seminal paper on Abel’s theorem. Here, ignorant of Weyr (1870) and Cayley
(1853a, b), he gave two proofs of the Poncelet porism, one deduced from a closure
theorem for the plane quartic with two nodes and the other via Abel’s theorem, as
Cayley had done.

In (1977) jointly with Harris, Griffiths extended the Poncelet closure theorem to
quadrics in three-dimensional projective space, by considering finite polyhedra both
inscribed in and circumscribing two smooth quadrics. Their theorem, as shown by
Barth and Bauer (1996), is strictly related to Weyr’s closure theorem for polygonal
line inter-scribed to two quadric.

In the same paper, Griffiths and Harris also gave a new proof of the Poncelet
closure theorem. For, they introduced the curve E , i.e. the incidence correspon-
dence E = {(P, T ) ∈ C × D∗ � P

1 × P
1 : P ∈ T }, and the crucial

argument in recognizing E as an elliptic curve was its behaviour over the branch
points C ∩ D. Hence they used, instead of an addition law for elliptic func-
tions or elliptic integrals, the additive structure of this curve in order to find
the condition allowing the closure of the inter-scribed polygonal line to C and
D. The introduction of the incidence correspondence E , which is an abstract
model for the curve defined by the biquadratic equation of the symmetric (2, 2)-
correspondence associated with the Poncelet construction, is the real novelty in
Griffiths’ and Harris’s proof of the closure theorem, with respect to those given by
Trudi, Cayley, Halphen, etc., and indisputably unveils the elliptic nature of the prob-
lem.

In their paper of 1978, Griffiths and Harris rediscovered and, which is most impor-
tant, interpreted geometrically the Cayley formulae: they give the condition for a point
on the normal model of degree n of E to be a hyper-flex, i.e. a point of order n on E .

Finally, in (1993), Barth and Michel gave a modern interpretation of the Halphen
elliptic representation of the plane and perfected—by completing the proofs—the
results of Halphen and Gerbaldi on the number of n-related conics in a pencil.

We hope we have analysed, if not completely at least in sufficient detail, the dif-
ferences and the similarities in the works of the main contributors to the theory of
Poncelet’s polygons, so that the reader can form a personal opinion on how this long
story has been developing for more than two centuries.

From our part, we will simply end by the following words, that after more than
100years are even more true and that we do subscribe to:

Most new ideas in geometry die early, or pass, by publication, into the condition
of mummies or fossils; let our grateful recognition and praise follow then those
fortunate worthies like Poncelet, whose genius has given us the fruitful ideas,
problems and theories with a significance stretching far beyond their accidental
first form, reappearing through the years in new embodiments, and so achieving
a life if not perpetual, at least as long enduring as the present era of intellectual
culture (White 1916).
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